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Micro level

Macro level

Trajectories

High density

Low density

dn(x)
dt

= F [n,∇n, ..]

dxi

dt
= Fi(x1, x2, ..., xN , ẋ1, ẋ2, ..ẋN , ...) for i = 1, ..., N
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Charaterising the macro dynamics

Correlations  C(r, t) = 〈n(0, 0)n(x, t)〉 − 〈n(0, 0)〉2

and power spectra 

Study sum-volume

V

SN (ω) = |N̂(ω)|2 =
∫ ∞

−∞
dtC(t)eiωt

C(t) = 〈N(0)N(t)〉 − 〈N(0)〉2

N(t) =
∫

V
dxn(x, t)
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Assume scaling, i.e. power law, behaviour

C(t) ∼ 1/tκ

SN (ω) ∼ 1/ωµ
κ + µ = 1

SN (ω) = |N̂(ω)|2 =
∫ ∞

−∞
dtC(t)eiωt

C(t) ∝ 1/tκ

SN (ω) ∝
∫ ∞

−∞
dt

1
tκ

eiωt = ω−1+κ

∫ ∞

−∞
duu−κeiu

Which suggests
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Hence the interest in µ ≈ 1

Which were at the heart of the 
motivation for Self-Organised 
Criticality

But the sandpile turned out not to 
possess 1/f (nor fractals) 
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Granular piles “problematic”
  so which experiment is then paradigmatic
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Superconductor

SQUID loop

Electric 
current Measure number of flux

 quanta inside loop
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H = 182 Oe
Number of flux lines in 
pickup loop = 
AH/φ0 = 108

Number of flux lines in loop N(t) 
fluctuates in time 

1/f => logarithmic decay of 
autocorrelation of N(t) 
=> PECULIAR
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How to derive macro from micro ?
 > Rigorous first principle derivation normally impossible 

  > Use conservation laws, symmetries and intuition

Example:
 > density fluctuations in an ensemble of particles

Choose:
 > simple situation

 > experimental relevant 
 > paradigmatic
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Nonlinearities and noise
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Deterministic lattice gas

From HJ Jensen PRL 64,1 (1990)

N(t)
Dissipation occurs
on a fractal

1/f p
ower sp

ec

Experiment on fluctuations in 
vortex density in thin film
Yeh & Kao, PRL, 53, 1590 (1984)
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Size dependence

T. Fiig and H. J. Jensen, Diffusive description of lattice gas models. J. Stat. Phys. 71 653 (1993) 

Lattice gas

Supper 
conductor
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Density dependence

From Master thesis
Andrea Giomette

L=64
 µ
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Individual particles behave as random walkers
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1/f from diffusion

∂n(x, t)
∂t

= γ∇2n(x, t) and n(xB , t) = η(x0, t)

then N(t) =
∫

V
dxn(x, t)

is 1/f in any dimension.

V
xB

See e.g. 
 Grinstein, Hwa & Jensen,  Phys. Rev. A 45 R559 (1992)
 H.J. Jensen, Self-Organized Criticality, Cambridge University Press 1998.
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Understanding the behaviour
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Effect of bulk noise

or drive

µ = 3/2

drive breaks the symmetry x -> -x 
and allows for a gradient term:

∂n(x, t)
∂t

= γ∇2n(x, t))− a
∂n(x, t)

∂x
µ = 2

See e.g. 
 Grinstein, Hwa & Jensen,  Phys. Rev. A 45 R559 (1992)
 H.J. Jensen, Self-Organized Criticality, Cambridge University Press 1998.

SN (ω) ∼ 1/ωµ

∂n(x, t)
∂t

= γ∇2n(x, t) +∇ · #χ(x, t)
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Nice!

So we seem to have an understanding of the 
Yeh & Kao experiment

Except.......  Andrea Giomette ... looked at bigger 
systems
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Even bigger systems  
 

From Master thesis
Andrea Giomette

Lattice gas
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Even bigger systems 
   - and density dependence 
 

From Master thesis
Andrea Giomette
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Larger systems
 > at higher densities => μ = 3/2
 > at low density      => μ = 1.8

21

Explanation The β = 3/2 at high density

As the system increases a bulk noise term is generated

∂n(x, t)
∂t

= γ∇2n(x, t)

µ = 3/2

∂n(x, t)
∂t

= γ∇2n(x, t) +∇ · #χ(x, t)
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Explanation The β = 1.8 at low density

The absorbing state phase transition:
  > as density decreases motion will stop

High density Low density
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The absorbing state phase transition

ρ

ρa

ρc

Density of active particles

Survival probability

ρa ∼ (ρ− ρc)β

P∞ ∼ (ρ− ρc)β
′
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β = 0.634
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Study all the critical exponents
   Determine universality class

Conclude: 
Deterministic Lattice Gas belongs to the Manna universality 
class. 

Hitherto unexpected because because all other members 
are stochastic models.  
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Back to power spectrum

µ = 1 +
1
z
(2− β

ν⊥
)

µ = 1.78(2)

ρ ≈ ρa near transition

β = 0.643
z = 1.5

ν⊥ = 0.83
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Summary of lattice gas behaivour:

 > at elevated densities 
   phenomenology well described by Langevin Eq. 
   with bulk noise

 > at low densities 
   near the frozen state critical 
   properties describes the fluctuations 
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Real systems

> Yeh & Kao experiment
          - not very many flux lines in the pick-  
            up loop, so perhaps small size limit apply

          - flux lines big and strongly interacting,   
            so perhaps no bulk noises

> London traffic
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London traffic system - one big community

From Giovanni Petri & Paul Expert
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London traffic system - one big community

Blue: one large 
community 

Grey: many small
 (2-3 sensors) communities
From Giovanni Petri & Paul Expert
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From Giovanni Petri & Paul Expert
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Conclusion

Going from micro to macro non trivial 
The macroscopic Langevin Equation

Deterministic terms controlled by symmetries 
and conservation

Noise terms limited by symmetries and conservation 
- but not uniquely determined
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Thank you

!

http://www2.imperial.ac.uk/~hjjens/

Henrik Jeldtoft Jensen
Department of Mathematics and Complexity and Networks Group
Imperial College London
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