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~50% observed planets have M>M
How do they form?



Constraints on planet formation

• Formation timescale from 
protoplanetary disk life-

time (3x106 yrs)	



• Spectra, direct imaging 
show planet gaps (& 

spiral arms)	



• Protoplanetary disk 
temperature, density 

profiles	



• Exoplanet semi-major 
axis & mass distribution 
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Figure 9
The diversity of transition disk spectral energy distributions (SEDs). (a) A weak-excess, anemic, or homologously depleted disk has a
significant flux decrement at all mid-IR wavelengths relative to the T Tauri SED. (b) A cold disk or classical transition disk displays
excess emission above the photosphere only at mid-IR wavelengths and beyond. (c) A cold disk with little near-IR emission and a strong
10-µm silicate feature. (d ) A cold disk with near-IR excess emission. This can also be considered a pretransition disk because its SED
can be modeled with an optically thin gap separating optically thick inner and outer disk components. Figure adapted from Najita,
Strom & Muzerolle (2007).

luminosity effect rather than an evolutionary one. Because M-type stars are much fainter and
cooler than solar-type stars, they may present weak mid-IR excess emission even if the disk extends
into the dust sublimation radius (Ercolano, Clarke & Robitaille 2009).

The relatively small number of objects seen in a transition stage suggests that the evolutionary
path through a transitional disk is either uncommon or rapid. However, observations show that
an IR excess at a given wavelength is always accompanied by a larger excess at longer wavelengths,
out to ∼100 µm. This implies that, unless some disks manage to lose the near-, mid-, and far-IR
excess at exactly the same time, the near-IR excess always dissipates before the mid-IR and far-IR
excesses do. No known process can remove the circumstellar dust at all radii simultaneously, and
even if grain growth or dynamical clearing does not produce an inner hole, photoevaporation by
the central star will do so once the accretion rate through the disk falls below the photoevaporation
rate. Therefore, it is reasonable to conclude that transition disks represent a common but relatively
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luminosity effect rather than an evolutionary one. Because M-type stars are much fainter and
cooler than solar-type stars, they may present weak mid-IR excess emission even if the disk extends
into the dust sublimation radius (Ercolano, Clarke & Robitaille 2009).

The relatively small number of objects seen in a transition stage suggests that the evolutionary
path through a transitional disk is either uncommon or rapid. However, observations show that
an IR excess at a given wavelength is always accompanied by a larger excess at longer wavelengths,
out to ∼100 µm. This implies that, unless some disks manage to lose the near-, mid-, and far-IR
excess at exactly the same time, the near-IR excess always dissipates before the mid-IR and far-IR
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significant flux decrement at all mid-IR wavelengths relative to the T Tauri SED. (b) A cold disk or classical transition disk displays
excess emission above the photosphere only at mid-IR wavelengths and beyond. (c) A cold disk with little near-IR emission and a strong
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luminosity effect rather than an evolutionary one. Because M-type stars are much fainter and
cooler than solar-type stars, they may present weak mid-IR excess emission even if the disk extends
into the dust sublimation radius (Ercolano, Clarke & Robitaille 2009).

The relatively small number of objects seen in a transition stage suggests that the evolutionary
path through a transitional disk is either uncommon or rapid. However, observations show that
an IR excess at a given wavelength is always accompanied by a larger excess at longer wavelengths,
out to ∼100 µm. This implies that, unless some disks manage to lose the near-, mid-, and far-IR
excess at exactly the same time, the near-IR excess always dissipates before the mid-IR and far-IR
excesses do. No known process can remove the circumstellar dust at all radii simultaneously, and
even if grain growth or dynamical clearing does not produce an inner hole, photoevaporation by
the central star will do so once the accretion rate through the disk falls below the photoevaporation
rate. Therefore, it is reasonable to conclude that transition disks represent a common but relatively
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significant flux decrement at all mid-IR wavelengths relative to the T Tauri SED. (b) A cold disk or classical transition disk displays
excess emission above the photosphere only at mid-IR wavelengths and beyond. (c) A cold disk with little near-IR emission and a strong
10-µm silicate feature. (d ) A cold disk with near-IR excess emission. This can also be considered a pretransition disk because its SED
can be modeled with an optically thin gap separating optically thick inner and outer disk components. Figure adapted from Najita,
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luminosity effect rather than an evolutionary one. Because M-type stars are much fainter and
cooler than solar-type stars, they may present weak mid-IR excess emission even if the disk extends
into the dust sublimation radius (Ercolano, Clarke & Robitaille 2009).

The relatively small number of objects seen in a transition stage suggests that the evolutionary
path through a transitional disk is either uncommon or rapid. However, observations show that
an IR excess at a given wavelength is always accompanied by a larger excess at longer wavelengths,
out to ∼100 µm. This implies that, unless some disks manage to lose the near-, mid-, and far-IR
excess at exactly the same time, the near-IR excess always dissipates before the mid-IR and far-IR
excesses do. No known process can remove the circumstellar dust at all radii simultaneously, and
even if grain growth or dynamical clearing does not produce an inner hole, photoevaporation by
the central star will do so once the accretion rate through the disk falls below the photoevaporation
rate. Therefore, it is reasonable to conclude that transition disks represent a common but relatively
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Review:  Williams & Ceiza 2011



Giant planet formation
• Planetary embryo forms 

via core accretion or 
direct collapse (>100au) 	



• Runaway gas accretion 
and envelope collapse 	



• Planet opens a gap 
(~au) in the disk. 	



• Formation of 
circumplanetary disk	



• +Migration
Circumplanetary disk

6

FIG. 1.— Midplane slices of log(ρ). From top to bottom: (a) MHD run,
(b) HD run with cooling, (c) isothermal HD run. Black contours indicate the
potential surfaces passing through the Lagrange points L1 and L2.

where racc is defined as 5% of the planet’s Hill radius – corre-
sponding roughly to Callisto’s semi-major axis. This amounts
to a small fraction of the mass within a sphere of racc being
removed per time step. To avoid discontinuous behavior in
the accretion flow near the planet, removal is weighted with
a three-dimensional Gaussian kernel. Owing to limited com-

putational resources, the mass augmented to the planet is ar-
tificially enhanced fourfold to facilitate a speed-up of the gap
formation process. In cases where we evolve an energy equa-
tion, the modification to the gas density is accompanied by a
correction in the thermal energy density as to keep the temper-
ature constant. Within a sphere of 2racc, we apply additional
cooling to avoid the buildup of strong pressure gradients that
would otherwise modify the accretion flow unphysically and
retard the flow of gas toward the sink hole. In this region,
the temperature is relaxed towards the initial model on a time
scale proportional to the Keplerian angular velocity with re-
spect to the planet potential, resulting in temperatures similar
to those observed in the radiation-hydrodynamic simulations
of Klahr & Kley (2006). To conclude this section, we note
that we do not expect a strong numerical effect from the par-
ticular scheme adopted for the accretion sink (cf. figure 3 in
Machida et al. 2008).

4. PROTOPLANETARY DISK
Previous studies using both laminar and magnetized-

turbulent disks have shown that the presence of an accreting
gas giant planet leads to gap formation, and the formation of
a circumplanetary disk surrounding the planet.
The main goals of this paper are to study the effects of

magnetic fields and time-dependent ionization levels on the
evolution of the gap, the circumplanetary disk, and the gas
accretion rate onto the planet. To achieve these goals it is
necessary to develop a fiducial hydrodynamicmodel for com-
parison purposes. Coming up with a realistic proxy for a
layered turbulent accretion disk is a formidable task in its
own right. Clearly, in the presence of a dead-zone, a height-
dependent α should be used (e.g. Pierens & Nelson 2010).
Ideally, one would obtain an estimate of the dead-zone struc-
ture based on empirical fits derived from MHD simulations
(Okuzumi & Hirose 2011), but a simple prescription with
z/H is rendered problematic with the presence of a gap be-
causeα then varies spatially and temporally. For lack of better
alternatives, we resort to a standard Shakura-Sunyaev α vis-
cosity with a constant αSS = 3.25× 10−3. This value is de-
rived from globally averaged turbulent stresses (normalized
with the vertically-averaged gas pressure) in the MHD model,
after a quasi-steady state is reached and before the planet is in-
serted (also cf. Uribe et al. 2011, who use a value of 2×10−3).
In comparison to our fiducial box model (Gressel et al. 2011),
which was located at 5 au, we obtain local values (normal-
ized with the midplane gas pressure) of α ≃ 3 × 10−3 in
the active layer, which is dominated by Maxwell stresses, and
α ≃ 3×10−4 in the dead-zone layer due to residual Reynolds
stresses. We note that the level of turbulence is about a factor
of five lower than in the box simulation, which we attribute to
the three-fold weaker net-vertical field of Bz = 3.6mG. For
the particular problem of a giant planet embedded in a disk
the approach used in the viscous non-magnetized disks prob-
ably yields reasonable results because the main driver of evo-
lution on large scales is global angular momentum transport
(Nelson & Papaloizou 2003). This argument is supported by
our results which show similar planetary accretion rates for
the magnetized and non-magnetized disk models described
later in this paper.

4.1. Simulation runs
We focus on three simulations in this paper, which are based

on the disk model described in Section 3, and all employ three
levels of mesh refinement. Each of the simulations is evolved
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Circumplanetary Disk
… an accretion disk around a forming giant planet

- Initially the disk is hot 
delivering mass to the planet 
(M~2/3MJ)	



- Later the disk cools, the 
formation site for satellites	



- Not yet observable, little studied	
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Circumplanetary Disk
… an accretion disk around a forming giant planet

• Accretion requires angular 
momentum loss	



• An effective viscosity is needed 
for mass inflow	



• Accretion mechanism could be 
hydromagnetic turbulence, 
large scale winds/jets or 
gravitational instability
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• Accretion requires angular 
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• Accretion mechanism could be 
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Circumplanetary Disk
… an accretion disk around a forming giant planet
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But these mechanisms require special conditions to act



Dead zone

X-Rays, Cosmic Rays

Thermal Ionisation

Accretion mechanism: Magnetic field

...or large-scale fields Magnetic braking, 
Centrifugal disk wind, Jet

Active regions:  Ionised; B field coupled;  turbulent;  accreting	


Dead Zones:    Low ionisation; B field decoupled; Not accreting	



+Radioactive Decay

Small-scale field Magnetorotational 
Instability (MRI)



Accretion mechanisms: 
Gravitoturbulence
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FIG. 4.ÈMap of surface density at t \ 50)~1 in the standard run. Black is low density and red is high density. [See the electronic version of the Journal for
a color version of this Ðgure.]

disks. I will then use the outcome of the numerical experi-
ments to show that long-range correlations in surface
density, which might be expected to develop in the presence
of substantial wave transport, are not present.

Consider a density wave in a razor-thin Keplerian disk.
The disk structure varies only on a scale r, and v(r) > 1. The
wave where andP exp (i(/ dr@k

r
(r@) ] im/ [ iut)), k

r
r ? 1

The WKB dispersion relation is (u [ m))2 4m/(k
r
r) > 1.

The Doppler-shifted fre-l2 \ )2 [ 2nG&0 o k
r
o ] c

s
2 k

r
2.

quency l2 has a minimum at Theno k
r
o \ k

cr
4 nG&0/c

s
2.

the radial energy Ñux density, referred to an inertial frame,
is

F
E,wave \ 1

2
d&c

s
2Al ] m)

k
r

BAd&
&0

BA
1 [ k

cr
o k

r
o
B

(22)

(Shu 1970 ; Goldreich & Tremaine 1979). This is the full
wave energy Ñux. BPÏs ““ anomalous Ñux,ÏÏ by comparison, is
the gravitational component of the energy Ñux measured in
a corotating frame. Shutting o† self-gravity is equivalent to
taking in equation (22). Evidently the wave energyk

cr
] 0

Ñux does not change qualitatively in this limit.
Wave energy Ñuxes may nonetheless be present. If they

are to change disk structure signiÐcantly, however, they

must be of the same order as the turbulent energy Ñux
If I assume that Q D 1,F

E,wave 4 (3/2)a&c
s
2 r). d& D &0,

and and drop factors of order unity, I Ðnd thatk D k
cr

,
[for acoustic waves in ao F

E,wave/FE,turb o D (m/a)[c
s
/(r))]

nonÈself-gravitating disk, is replaced byc
s
/(r)) 1/( o k

r
o r)].

Thus for

m
a Z

c
s

r) , (23)

the wave energy Ñux is as important as the turbulent energy
Ñux.

To proceed further one can only consider the plausibility
of a large-amplitude, high-m wave propagating over signiÐ-
cant distances in the disk. Here are two arguments against
this. First, a density wave can only propagate a distance
Dr/m before it turns into an acoustic wave In a(k

r
c
s
Z )).

Ðnite thickness disk this corresponds to a wavelength
smaller than a scale height. If the disk is stratiÐed, three-
dimensional e†ects will modify the wave (e.g., Ogilvie &
Lubow 1999), and the wave is likely to steepen, shock, and
dissipate. Second, the gravitoturbulent state contains Ñuc-
tuations that emit, scatter, and absorb waves. If scattering
and absorption are strong, as they are here, coherent signals

180 GAMMIE Vol. 553

FIG. 5.ÈMap of surface density in a run with Black is low density and red is high density. The disk has fragmented and formed two boundq
c
\ 2)~1.

objects. These objects eventually collide and coalesce. [See the electronic version of the Journal for a color version of this Ðgure.]

are destroyed. Under these circumstances it seems unlikely
that energy will be transmitted over large scales by waves.

What can the numerical models tell us about the locality
of angular momentum transport in self-gravitating disks? I
have used two methods to assess the locality of structure in
the nonlinear outcome of my models. In the Ðrst analysis, I
calculate the dimensionless autocorrelation function of the
surface density, m :

m(r) \ [1 ] 1
S&T2L2

P
d2x@&(r ] r@)&(r@) . (24)

Coherent wave trains would appear as large-scale corre-
lations in the surface density. Figures 7 and 8 show the
autocorrelation function averaged from a series of Ðve snap-
shots at t \ (20,40,60,80,100))~1. Figure 7 shows the
spatial structure of the correlation function from a run with
L \ 640G&/)2 and N \ 1024. Evidently density corre-
lations are concentrated in a region that is much smaller
than the size of the model. Figure 8 shows cuts through the
correlation function (along the rays marked ““ short axis ÏÏ
and ““ long axis ÏÏ in Fig. 7) that conÐrm this quantitatively.

Also shown in Figure 8 is the autocorrelation function for
a run with L \ 320G&/)2 and N \ 512 (the same spatial

resolution as the larger model). Di†erences between the
smaller and larger model result are small and attributable
to sampling noise. The correlation function thus appears to
depend only weakly on L , at least for L [ 320G&/)2 and

This argues that surface density structure isq
c
\ 10)~1.

locally determined.
In a second analysis, I have calculated which Fourier

components of the surface density dominate the gravita-
tional shear stress. Figure 9 shows the quantity

da
G

dk
\ 2

3S&c
s
2T
P

k d/
nGk

x
k
y
o &

k
o2

2k3 . (25)

Here / is an angular coordinate in Fourier space. This is the
contribution to the gravitational shear stress from Fourier
components of the surface density in the annulus between k
and k ] dk. The result is calculated from a model with
L \ 640G&/)2 and N \ 1024. Fully 90% of the angular
momentum transport comes from wavenumbers with
k [ 5(2n/L ). Thus, wavelengths signiÐcantly smaller than
the model size dominate the shear stress.

Figure 9 can be used to estimate how cool a disk must be
for the local model to be applicable. If the wavenumber k

pkof the maximum in is to satisfy thenda
G
/dk k

pk
r/(2n) > 1,
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massive disks
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ABSTRACT
Thin, Keplerian accretion disks generically become gravitationally unstable at large radii. I investigate

the nonlinear outcome of such instability in cool disks using razor-thin, local, numerical models.
Cooling, characterized by a constant cooling time drives the instability. I show analytically that if theq

c
,

disk can reach a steady state in which heating by dissipation of turbulence balances cooling, then the
dimensionless angular momentum Ñux density Numerical experiments showa \ [(9/4)c(c [ 1))q

c
]~1.

that (1) if then the disk reaches a steady, gravitoturbulent state in which Q D 1 and cooling isq
c
Z 3)~1

balanced by heating due to dissipation of turbulence ; (2) if then the disk fragments, possiblyq
c
[ 3)~1,

forming planets or stars ; (3) in a steady, gravitoturbulent state, surface density structures have a charac-
teristic physical scale D64G&/)2 that is independent of the size of the computational domain.
Subject headings : accretion, accretion disks È galaxies : nuclei È solar system: formation
On-line material : color Ðgures

1. INTRODUCTION

It has long been realized that the outer reaches of accre-
tion disks around active galactic nuclei (AGN) and young
stellar objects (YSOs) may be gravitationally unstable (for a
review see, for AGN: Shlosman et al. 1990 ; YSOs : Adams
& Lin 1993). Instability in a Keplerian disk sets in where the
sound speed the rotation frequency ), and the surfacec

s
,

density & satisfy

Q 4
c
s
)

nG& \ Qcrit ^ 1 (1)

(Toomre 1964 ; Goldreich & Lynden-Bell 1965). Here
for a ““ razor-thin ÏÏ (two-dimensional) Ñuid disk,Qcrit \ 1

and for a Ðnite-thickness isothermal diskQcrit \ 0.676
(Goldreich & Lynden-Bell 1965). The instability condition
(1) can be rewritten, for a disk with scale height H ^ c

s
/),

around a central object of mass M*,

Mdisk Z
H
r

M* , (2)

where Mdisk 4 nr2&.
In a steady state disk whose heating is dominated by

interior turbulent dissipation and whose evolution is con-
trolled by internal transport of angular momentum, the acc-
retion rate where I have used the aM0 \ 3nac

s
2 &/),

formalism of Shakura & Sunyaev (1973). Then

M0 Z
3ac

s
3

G
\ 7.1 ] 10~4a

A c
s

1 km s~1
B3

M
_

yr~1 (3)

implies gravitational instability (e.g., Shlosman et al. 1990).
This does not apply to disks dominated by external torques
(e.g., a magnetohydrodynamic [MHD] wind) or disks
heated mainly by external illumination.

For a young, solar-mass star accreting from a disk with
a \ 10~2 at 10~6 yr~1 equation (3) implies that insta-M

_bility occurs where the temperature drops below 17 K.
Disks may not be this cold if the star is located in a warm
molecular cloud where the ambient temperature is greater
than 17 K, or if the disk is bathed in scattered infrared light

from the central star (although there is some evidence for
such low temperatures in the solar nebula ; e.g., Owen et al.
1999). If the e†ective value of a is small and heating is
conÐned to surface layers, however, as in the layered accre-
tion model of Gammie (1996a), then instability can occur at
much higher temperatures.

AGN disk heating is typically dominated by illumination
from a central source. The temperature then depends on the
shape of the disk. If the disk is Ñat or shadowed, however,
and transport is dominated by internal torques, one can
apply equation (3). For example, in the nucleus of NGC
4258 (Miyoshi et al. 1995) the accretion rate may be as large
as 10~2 yr~1 (Lasota et al. 1996 ; Gammie et al. 1999).M

_Equation (3) then implies that instability sets in where
T \ 104(a/10~2) K. If the disk is illumination dominated,
however, then Q Ñuctuates with the luminosity of the
central source.

The fate of a gravitationally unstable YSO or AGN disk
depends on how it arrived in an unstable state. To under-
stand why, consider an analogy with convective instability
in stellar structure theory. The evolution of stellar models
with highly unstable radial entropy proÐles are of little
interest, because convection prevents such models from
being realized in an astrophysically plausible setting. Simi-
larly, highly unstable disks may be irrelevant because the
action of the instability would prevent one from ever arriv-
ing in such a state. Gravitational instability must be
““ turned on ÏÏ in a natural way.

An initially stable Keplerian disk can be driven unstable
by an increase in surface density (e.g., Sellwood & Carlberg
1984) or by cooling. In an a-disk model, the surface density
changes on the accretion timescale D(r/H)2(a))~1 (more
rapid variation of surface density could be obtained by
dumping material onto the disk or by application of a direct
magnetic torque). The temperature, by contrast, changes on
the cooling time D(a))~1. This suggests that in cool disks
(r/H ? 1), cooling is the dominant driver of gravitational
instability.

Once gravitational instability sets in, the disk can
attempt to regain stability by rearranging its mass to reduce
& or by heating itself through dissipation of turbulence.
Dissipation can occur directly through shocks or indirectly
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ABSTRACT
Thin, Keplerian accretion disks generically become gravitationally unstable at large radii. I investigate

the nonlinear outcome of such instability in cool disks using razor-thin, local, numerical models.
Cooling, characterized by a constant cooling time drives the instability. I show analytically that if theq

c
,

disk can reach a steady state in which heating by dissipation of turbulence balances cooling, then the
dimensionless angular momentum Ñux density Numerical experiments showa \ [(9/4)c(c [ 1))q

c
]~1.

that (1) if then the disk reaches a steady, gravitoturbulent state in which Q D 1 and cooling isq
c
Z 3)~1

balanced by heating due to dissipation of turbulence ; (2) if then the disk fragments, possiblyq
c
[ 3)~1,

forming planets or stars ; (3) in a steady, gravitoturbulent state, surface density structures have a charac-
teristic physical scale D64G&/)2 that is independent of the size of the computational domain.
Subject headings : accretion, accretion disks È galaxies : nuclei È solar system: formation
On-line material : color Ðgures

1. INTRODUCTION
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and transport is dominated by internal torques, one can
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4258 (Miyoshi et al. 1995) the accretion rate may be as large
as 10~2 yr~1 (Lasota et al. 1996 ; Gammie et al. 1999).M

_Equation (3) then implies that instability sets in where
T \ 104(a/10~2) K. If the disk is illumination dominated,
however, then Q Ñuctuates with the luminosity of the
central source.

The fate of a gravitationally unstable YSO or AGN disk
depends on how it arrived in an unstable state. To under-
stand why, consider an analogy with convective instability
in stellar structure theory. The evolution of stellar models
with highly unstable radial entropy proÐles are of little
interest, because convection prevents such models from
being realized in an astrophysically plausible setting. Simi-
larly, highly unstable disks may be irrelevant because the
action of the instability would prevent one from ever arriv-
ing in such a state. Gravitational instability must be
““ turned on ÏÏ in a natural way.

An initially stable Keplerian disk can be driven unstable
by an increase in surface density (e.g., Sellwood & Carlberg
1984) or by cooling. In an a-disk model, the surface density
changes on the accretion timescale D(r/H)2(a))~1 (more
rapid variation of surface density could be obtained by
dumping material onto the disk or by application of a direct
magnetic torque). The temperature, by contrast, changes on
the cooling time D(a))~1. This suggests that in cool disks
(r/H ? 1), cooling is the dominant driver of gravitational
instability.

Once gravitational instability sets in, the disk can
attempt to regain stability by rearranging its mass to reduce
& or by heating itself through dissipation of turbulence.
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Cooling determines final state
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ciency, with (Sano & Stone 2002)

↵ =

⇢
↵
sat

v2a/ (⌘⌦) for an MRI field,
↵
sat

c2s/ (⌘⌦) for a vertical field.
(59)

We find that Ohmic di↵usivity dominates over Hall and Am-
bipolar and so we adopt ⌘ = ⌘O in equation (59).

(iii) Gravoturbulent transport - in the outer disk mag-
netic coupling at the level required by eq (59) would result
in a gravitationally unstable disk with Toomre’s Q < 1, and
so self-gravitional forces dominate. The cooling timescale de-
termines whether the disk fragments or enters a gravotur-
bulent state. We find that the cooling time-scale is much
longer than the dynamical time-scale, ⌦�1, (Rafikov 2007;
Boley 2009) with

⌦t
cool

=
⌃c2s⌦
�T 4

s
(60)

=
4
3↵

 
1 +

p
1 + 4Q2

2Q

!
� 1.3⇥ 103, (61)

[using equation (9), (5), and (16) with ↵
sat

= 10�3, and
Q & 1] and so gravitoturbulence, rather than fragmentation,
occurs (Meru & Bate 2012). Either by the slow build up
of surface density from inflow onto the disk coupled with
heating by dissipation of turbulence (Gammie 2001) or by
time dependent evolution of gravitationally unstable disks
(Forgan et al. 2011; Shabram & Boley 2013), the disk likely
evolves towards a state with Q = 1. Thus, in this region we
take Q = 1.

We solve for the disk profile by inserting equation (5),
the scale height with self-gravity, into equation (13) requir-
ing one final relation to close the set of equations. Each
region has its own closing equation to account for the di↵er-
ences in the mode of transport :

(i) In the saturated magnetic transport region, we use
equation (16) with constant ↵ = ↵

sat

, inverted to give the
surface density as a function of temperature.

(ii) In the marginally coupled magnetic transport region
we solve for the midplane temperature numerically using
fsolve from the Python library scipy.optimize (Jones
et al. 2001) so that ↵, post-calculated by inverting equa-
tion (16), is consistent with equation (59). Necessarily, ↵
varies radially [i.e., ↵ ! ↵(r)].

(iii) In the Gravoturbulent region, we set Q = 1 and in-
vert equation (2) to give the surface density as a function of
temperature. We post-calculate ↵(r) using equation (16).

We solve the complete set of equations using the routine
fsolve from the Python library scipy.optimize (Jones
et al. 2001).

6.3 Minimum Mass Jovian Nebula

The Minimum Mass Jovian Nebula (MMJN) is an adapta-
tion of the Minimum Mass Solar Nebula used for modelling
the Solar nebula (Weidenschilling 1977; Hayashi 1981). The
MMJN is produced by smearing out the solid mass of the
satellites to form a disk, and augmenting it with enough gas
to bring the composition up to solar (i.e., fdg ⇠ 10�2).

We use the surface density for the MMJN given in

Mosqueira & Estrada (2003) which follows a ⌃ / r�1 pro-
file, except in a transition region (20RJ < r < 26RJ) where
the profile steepens,

⌃ =

8
>>><

>>>:

5.1⇥ 105 g cm�2

⇣
r

14RJ

⌘�1

r < 20RJ ,

3.6⇥ 105 g cm�2

⇣
r

20RJ

⌘�13.5
20RJ < r < 26RJ ,

3.1⇥ 103 g cm�2

⇣
r

87RJ

⌘�1

26RJ < r < 150RJ .

We use the opacity ( = 10�4 cm2 g�1; appropriate for
absorption by hydrogen molecules) and temperature profile
given by Lunine & Stevenson (1982),

T =

 
240K

✓
r

15RJ

◆�1

+ (130K)4
!

1/4

. (62)

The temperature T / r�1 in the optically-thick inner re-
gions, and is matched to the temperature of the ambient
nebula (T

neb

= 130K) at the outer edge of the disk.

6.4 Canup & Ward ↵ disk

Canup & Ward (2002, 2006) model the circumplanetary disk
as a steady-state, thin, axisymmetric, constant–↵ disk. They
adopt the Lynden-Bell & Pringle (1974) surface density
model, and use the plane-parallel stellar atmosphere model
to calculate the midplane temperature. Heating sources
are viscous dissipation, the ambient stellar nebula (T

neb

=
150K), and the hot young planet. The midplane temper-
ature and density are solved self-consistently for a uni-
form opacity, however a range of opacities ( = 10�4–
1 cm2 g�1) are considered to account for the uncertainty
in the population of sub-micron grains. A range of inflow
rates (Ṁ = 10�8–10�4MJ/year), and viscosity parame-
ters (↵ = 10�4–10�2), are considered to model the disk
at both early and late times. However, a low inflow rate
(Ṁ = 2 ⇥ 10�7MJ/year) is needed to match the ice line
with the present day location of Ganymede, and to ensure
solid accretion is slow enough to account for Callisto’s par-
tially di↵erentiation. This indicates that the disk must be
‘gas-starved’ as compared with the MMJN. We calculate
this disk model using the method given in Canup & Ward
(2002)3, with parameters taken from Canup & Ward (2006)
(i.e., ↵ = 6.5 ⇥ 10�3, Ṁ = 10�6MJ/year, and  = 0.1
cm2 g�1).

7 RESULTS

We are now in a position to apply the tools developed in
§2–§5 to the models described in §6. All figures are shown
for a protoplanet in orbit around a solar mass star at the
current orbital distance of Jupiter (i.e., M⇤ = 1M�, and

3 The profiles shown in Fig. 2 are calculated using the full expres-
sion � = 1 + 3

2

[rc/r �

1

5

]�1 (given below equation 20 in Canup
& Ward 2002), however we found � = 1 was needed to repro-
duce the profiles in Canup & Ward (2002). For the parameter
set used here, we find that the approximation leads to at most
a 37% increase in the surface density, and 27% reduction in the
temperature profile. The di↵erence is greatest at r = 60RJ , but
decreases toward the inner and outer boundaries.
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Aim

- Determine whether these mechanisms are 
effective in a circumplanetary disk (particularly 

for B-field).	


- Develop a disk model self-consistently with the 

level of accretion from these mechanisms.	


- Assess the viability of the resulting disk.



Disk model
We adopt the standard 1D accretion disk model:

Accretion in giant planet circumplanetary disks 3

The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
(Toomre 1964)

Q =
cs⌦
⇡G⌃

⇡ 5.3⇥ 103
✓

T

103 K

◆ 1
2
✓

⌃
102g cm�2

◆�1

✓
M

MJ

◆ 1
2

⇥

✓
r

102 RJ

◆� 3
2

, (2)

with Q � 1 for negligible self-gravity and Q ⌧ 1 for strong
self-gravity. Here, ⌃ is the column density, ⌦ is the Keplerian
angular velocity,

⌦ =

r
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r
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, (3)

cs =
p

kT/mn ⇡ 1.9 km s�1

p
T/1000K is the isothermal

sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
Krasnopolsky & Königl 2002)

⌦2H2 + ⇡GH⌃� c2s = 0, (4)

with solution

H =
2Q

1 +
p

1 + 4Q2

cs
⌦
. (5)

This reduces to the standard approximations
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(6)

for low mass disks (i.e., M
disk

⌧ MJ) where self-gravity is
negligible, and

H

r
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= Q
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(7)

for massive, cool, self-gravitating disks. From this we esti-
mate the vertically-averaged neutral mass density

⇢ =
⌃
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,
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r
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, (8)

and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥

1015 cm�3

�
⇢/10�8 g cm�3

�
.

The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4

s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)

Ts =

✓
3Ṁ⌦2

8⇡�

◆ 1
4

⇡ 82K
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Ṁ

10�6 MJ/year

◆ 1
4
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M
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4
✓

r

102 RJ

◆� 3
4

,(10)

where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =

✓
i,j

i,k

◆ 1
bk�bj

⇢
aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
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with Q � 1 for negligible self-gravity and Q ⌧ 1 for strong
self-gravity. Here, ⌃ is the column density, ⌦ is the Keplerian
angular velocity,
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T/1000K is the isothermal

sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
Krasnopolsky & Königl 2002)
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for low mass disks (i.e., M
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negligible, and
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for massive, cool, self-gravitating disks. From this we esti-
mate the vertically-averaged neutral mass density
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥

1015 cm�3
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.

The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4

s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet
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viscous

< 10�4 and
F
hotspot

/F
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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The scale height,H, is determined by a balance between
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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viscous

< 10�4 and
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)

Ts =

✓
3Ṁ⌦2
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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< 10�4 and
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
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infall
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is appropriate for the midplane, as the high column density
favours a large optical depth:
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To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
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As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.

c
� Year RAS, MNRAS 000, 1–19

Accretion in giant planet circumplanetary disks 3

The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
(Toomre 1964)

Q =
cs⌦
⇡G⌃

⇡ 5.3⇥ 103
✓

T

103 K

◆ 1
2
✓

⌃
102g cm�2

◆�1

✓
M

MJ

◆ 1
2

⇥

✓
r

102 RJ

◆� 3
2

, (2)

with Q � 1 for negligible self-gravity and Q ⌧ 1 for strong
self-gravity. Here, ⌃ is the column density, ⌦ is the Keplerian
angular velocity,

⌦ =

r
GM

r3
⇡ 5.9⇥ 10�7 s�1

✓
r

102 RJ

◆� 3
2
✓

M

MJ

◆ 1
2

, (3)

cs =
p

kT/mn ⇡ 1.9 km s�1

p
T/1000K is the isothermal

sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
Krasnopolsky & Königl 2002)

⌦2H2 + ⇡GH⌃� c2s = 0, (4)

with solution

H =
2Q

1 +
p

1 + 4Q2

cs
⌦
. (5)

This reduces to the standard approximations

H

r
=

cs
r⌦

⇡ 0.45

✓
T

103 K

◆ 1
2
✓

r

102 RJ

◆ 1
2
✓

M

MJ

◆� 1
2

(6)

for low mass disks (i.e., M
disk

⌧ MJ) where self-gravity is
negligible, and

H

r
=

c2s
⇡G⌃r

= Q
cs
r⌦

⇡ 2.4⇥ 10�2

✓
T

102 K

◆✓
⌃

106 g cm�2

◆�1

⇥

✓
r

102 RJ

◆�1

(7)

for massive, cool, self-gravitating disks. From this we esti-
mate the vertically-averaged neutral mass density
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥
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�
.

The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4

s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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◆ 1
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⇢
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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The scale height,H, is determined by a balance between
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sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
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Krasnopolsky & Königl 2002)
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for massive, cool, self-gravitating disks. From this we esti-
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H scattering 10�36 1/3 10 H scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Molecules and H scatteringa 1.4 0 3.6

a This regime is given in the footnote of Table 1 in Zhu et al. (2009). The dominant sources of opacity in this regime are
molecular lines and H scattering (Z. Zhu 2013, private communication).
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Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column

⌃ =
Ṁ

2⇡↵csH
(15)

⇡ 1.6⇥ 102g cm�2

✓
Ṁ
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✓
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(16)

for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
1�

p
RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.
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For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
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with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
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RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.
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Disk model
We adopt the standard 1D accretion disk model:

Accretion in giant planet circumplanetary disks 3

The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
(Toomre 1964)
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with Q � 1 for negligible self-gravity and Q ⌧ 1 for strong
self-gravity. Here, ⌃ is the column density, ⌦ is the Keplerian
angular velocity,
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cs =
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kT/mn ⇡ 1.9 km s�1
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T/1000K is the isothermal

sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
Krasnopolsky & Königl 2002)

⌦2H2 + ⇡GH⌃� c2s = 0, (4)

with solution
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This reduces to the standard approximations
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for low mass disks (i.e., M
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⌧ MJ) where self-gravity is
negligible, and
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for massive, cool, self-gravitating disks. From this we esti-
mate the vertically-averaged neutral mass density
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥

1015 cm�3
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.

The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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3Ṁ⌦2

8⇡�

◆ 1
4

⇡ 82K

✓
Ṁ
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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✓
i,j

i,k

◆ 1
bk�bj

⇢
aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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viscous

< 10�4 and
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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< 10�4 and
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.

c
� Year RAS, MNRAS 000, 1–19

Accretion in giant planet circumplanetary disks 3

The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
(Toomre 1964)

Q =
cs⌦
⇡G⌃

⇡ 5.3⇥ 103
✓

T

103 K

◆ 1
2
✓

⌃
102g cm�2

◆�1

✓
M

MJ

◆ 1
2

⇥

✓
r

102 RJ

◆� 3
2

, (2)

with Q � 1 for negligible self-gravity and Q ⌧ 1 for strong
self-gravity. Here, ⌃ is the column density, ⌦ is the Keplerian
angular velocity,

⌦ =

r
GM

r3
⇡ 5.9⇥ 10�7 s�1

✓
r

102 RJ

◆� 3
2
✓

M

MJ

◆ 1
2

, (3)

cs =
p

kT/mn ⇡ 1.9 km s�1

p
T/1000K is the isothermal

sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
Krasnopolsky & Königl 2002)

⌦2H2 + ⇡GH⌃� c2s = 0, (4)

with solution

H =
2Q

1 +
p

1 + 4Q2

cs
⌦
. (5)

This reduces to the standard approximations

H

r
=

cs
r⌦

⇡ 0.45

✓
T

103 K

◆ 1
2
✓

r

102 RJ

◆ 1
2
✓

M

MJ

◆� 1
2

(6)

for low mass disks (i.e., M
disk

⌧ MJ) where self-gravity is
negligible, and

H

r
=

c2s
⇡G⌃r

= Q
cs
r⌦

⇡ 2.4⇥ 10�2

✓
T

102 K

◆✓
⌃

106 g cm�2

◆�1

⇥

✓
r

102 RJ

◆�1

(7)

for massive, cool, self-gravitating disks. From this we esti-
mate the vertically-averaged neutral mass density

⇢ =
⌃
2H

,

⇡ 6.2⇥ 10�9 g cm�3

✓
⌃

102 g cm�2

◆✓
T

103 K

◆� 1
2

⇥

✓
r

102 RJ

◆✓
M

MJ

◆� 1
2

, (8)

and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥

1015 cm�3

�
⇢/10�8 g cm�3

�
.

The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4

s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)

Ts =

✓
3Ṁ⌦2
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
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infall
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Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:
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To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
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(i) use Grains opacity for T < 794K, and
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As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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for massive, cool, self-gravitating disks. From this we esti-
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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The scale height,H, is determined by a balance between
thermal pressure, the planet’s gravity, and self-gravity of
the disk. Toomre’s Q quantifies the strength of self-gravity,
(Toomre 1964)
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sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
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8
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to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.

c
� Year RAS, MNRAS 000, 1–19

Accretion in giant planet circumplanetary disks 3
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4
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to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
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Ṁ

10�6 MJ/year

◆ 1
4
✓

M

MJ

◆ 1
4
✓

r

102 RJ

◆� 3
4

,(10)

where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H scattering 10�36 1/3 10 H scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Molecules and H scatteringa 1.4 0 3.6

a This regime is given in the footnote of Table 1 in Zhu et al. (2009). The dominant sources of opacity in this regime are
molecular lines and H scattering (Z. Zhu 2013, private communication).

10–24 10–20 10–16 10–12 10–8 10–4

103

104

ρ ( g cm–3 )

T 
(K

)

electron scattering

H scattering

molecules

bound–free
free–free

molecules / H scattering

grains

waterwater dissociation

grain evaporation

Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column

⌃ =
Ṁ

2⇡↵csH
(15)
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
1�

p
RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.
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glects contributions from TiO and water lines longward of
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with the Zhu et al. model.
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9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).
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relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),
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accretion rates of T-Tauri stars, and the time dependent
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
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to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
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sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
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Krasnopolsky & Königl 2002)
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
⌧�T 4

s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =

✓
i,j

i,k

◆ 1
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⇢
aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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< 10�4 and
F
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< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
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= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
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✓
i,j

i,k

◆ 1
bk�bj

⇢
aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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Ṁ

10�6 MJ/year

◆ 1
4
✓

M

MJ

◆ 1
4
✓

r

102 RJ

◆� 3
4

,(10)
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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s , (9)

to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
infall results in a surface temperature (Pringle 1981)

Ts =

✓
3Ṁ⌦2
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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◆ 1
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⇢
aj�ak
bk�bj (12)

with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
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for arbitrary Q is complex [e.g, see Paczynski 1978], and so
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and the associated number density, n = ⇢/mn ⇡ 2.6 ⇥
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
the surface. Gravitational binding energy released during
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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sound speed with mn = 2.34mp the mean neutral particle
mass for a H/He gas at temperature T , mp the proton mass,
and k is Boltzmann’s constant. Solving for the scale height
for arbitrary Q is complex [e.g, see Paczynski 1978], and so
we adopt the simplified equation of vertical equilibrium (c.f.,
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The thermal structure of the disk is governed by dissipa-
tion driven by the inflow. We use the standard plane-parallel

stellar atmosphere model (Hubeny 1990),

�T 4 =
3
8
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to calculate the midplane temperature T from the surface
temperature Ts and optical depth, ⌧ , from the midplane to
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F

planet

/F
viscous

< 10�4 and
F
hotspot

/F
viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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where Ṁ is the inflow rate, and � the Stefan-Boltzmann
constant. We consider a uniform, steady, inward mass flux
throughout the disk.

Shock heating of infalling material colliding with the
disk contributes additional heating, however it is negligible
compared to that of the viscous dissipation [i.e., flux ratio:
F
infall

/F
viscous

< 10�4; Cassen & Moosman (1981)]. Sim-
ilarly, irradiation from the hot young planet [TJ = 500K
determined from pure contraction of the young planet;
e.g. Hubbard et al. (2002)] and the accretion hot spot
[T

hotspot

= 3300K calculated using equation (3.3) in Pringle
(1977)] is also negligible with F
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viscous

< 10�4 and
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hotspot
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viscous

< 10�2 determined using equation (21)
from Turner et al. (2013).

Equations (9) and (10) are applicable in optically-thick
regions of the disk (i.e., where optical depth ⌧ � 1). This
is appropriate for the midplane, as the high column density
favours a large optical depth:

⌧ = ⌃/2 � 1. (11)

To calculate the opacity, , we use the analytic Rosse-
land mean opacity law presented in Zhu et al. (2009). This
is a piecewise power-law fit to the Zhu et al. (2007, 2008)
opacity law. We give this in Table 1, re-expressed as a func-
tion of temperature and density, using the ideal gas law1.
This model features nine opacity regimes, incorporating the
e↵ects of dust grains, molecules, atoms, ions and electrons.
The transition temperature Tj!k between regimes j and k,
as a function of density, is obtained by equating the opacity
in neighbouring regimes (i.e., j = k), and is

Tj!k =
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with two additional constraints:

(i) use Grains opacity for T < 794K, and
(ii) use Molecules and H scattering opacity for 2.34 ⇥

1040.279 K < T < 104 K.

As the opacity law is complex we show the temperature and
density boundaries for each opacity regime in Fig. 1.

1 We have used the mean particle mass of molecular H/He gas
in the conversion from pressure to density even though it is not
strictly valid where hydrogen is ionised. Hydrogen is only ionised
within the inner 5RJ , at temperatures above 3000K, and we find
that correcting the mean particle mass (to µ = 1.24) leads to at
most a 15% change in the temperature in this region.
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H scattering 10�36 1/3 10 H scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Molecules and H scatteringa 1.4 0 3.6

a This regime is given in the footnote of Table 1 in Zhu et al. (2009). The dominant sources of opacity in this regime are
molecular lines and H scattering (Z. Zhu 2013, private communication).

10–24 10–20 10–16 10–12 10–8 10–4

103

104

ρ ( g cm–3 )

T 
(K

)

electron scattering

H scattering

molecules

bound–free
free–free

molecules / H scattering

grains

waterwater dissociation

grain evaporation

Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
1�

p
RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.

c
� Year RAS, MNRAS 000, 1–19

4 Sarah L. Keith and Mark Wardle

Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H scattering 10�36 1/3 10 H scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Molecules and H scatteringa 1.4 0 3.6

a This regime is given in the footnote of Table 1 in Zhu et al. (2009). The dominant sources of opacity in this regime are
molecular lines and H scattering (Z. Zhu 2013, private communication).
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Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.
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taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give
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⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
1�

p
RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.
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Molecules and H scatteringa 1.4 0 3.6

a This regime is given in the footnote of Table 1 in Zhu et al. (2009). The dominant sources of opacity in this regime are
molecular lines and H scattering (Z. Zhu 2013, private communication).
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For comparison, we also give the Bell & Lin (1994)
opacity law in Table 1. This opacity law underestimates the
opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This
relationship allows us to describe the disk temperature and

column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

Conservation of angular momentum provides the closing
relation by specifying the accreting column needed to drive
the inflow caused by turbulence, Ṁ = 2⇡⌫⌃ 2 (Shakura &
Sunyaev 1973). A common approach to modelling the tur-
bulent viscosity ⌫ is to adopt the ↵-viscosity prescription, in
which uncertainties in the form of the viscosity are gathered
into a single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (14)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein]. This
results in an accreting column

⌃ =
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for negligible self-gravity.

2 is released in a boundary layer (thickness ⌧ RJ ) above
the planet surface where the disk angular velocity profile
transitions sharply between keplerian and the planetary rota-
tion rate (Pringle 1977). This contributes an additional factor⇣
1�

p
RJ/r

⌘
to the right hand side to this viscosity-inflow rela-

tion. However, we find that this factor is only significant within
r < 2RJ , i.e., within the boundary layer.
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magnetic di↵usivity [i.e., where |r⇥(v⇥B)| � |r⇥ [⌘(r⇥

B)]|, for each di↵usivity, ⌘]. For MRI fields we require that
the turbulent magnetic field grows faster than dissipation
can destroy it such that (Sano & Stone 2002; Mohanty et al.
2013)
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(53)

for each di↵usivity ⌘ = ⌘O, ⌘H , and ⌘A. This condition is
equivalent to the condition ⇤ > 1, where ⇤ = v2a/(⌘⌦) is the
Elsasser number. This condition is more relaxed for vertical
fields, as we only require that the magnetic field couples to
the shear (Wardle 2007),

⌘ < c2s/⌦

⇡ 6.1⇥ 1016 cm2 s�1

✓
T
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r
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2
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(54)

for each di↵usivity.
Magnetic interaction still occurs for di↵usivity at, or

above the coupling threshold, however the coupling is weak
and the connection between the dynamics of the disk and
field is diminished.

6 DISK MODELS

We consider four circumplanetary disk models in this paper.
We present two Shakura-Sunyaev ↵ disks developed for this
work: (i) a constant ↵ model in which the viscosity parame-
ter is radially uniform (§6.1), and (ii) a self-consistent accre-
tion model in which the level of angular momentum trans-
port is consistent with the strength of magnetic coupling or
gravitational instability at all radii (§6.2). For comparison
we also describe two key circumplanetary disk models in the
literature: (i) the Minimum Mass Jovian Nebula (§6.3), and
(ii) the Canup and Ward ↵ disk (§6.4).

6.1 Constant-↵ model

A common approach to modelling inflow through accretion
disk is to adopt the ↵-viscosity prescription, in which un-
certainties in the form of the viscosity ⌫ are gathered into a
single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (55)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein].

For this model we take the traditional approach, adopt-
ing the ↵-viscosity prescription with a radially constant-
↵. The viscosity determines the accreting column density

needed to achieve mass inflow as Ṁ = 2⇡⌫⌃, such that

⌃ =
Ṁ

2⇡↵csH
(56)
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for negligible self-gravity.
To obtain the radial temperature profile, we insert this

relation, along with equation (6), into equation (13), yielding
(Bell et al. 1997)

T
3
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(58)

6.2 Self-consistent accretion model

The constant-↵ model implicitly assume that the angular
momentum transport mechanism operates at all radii, and
to the right degree. Ionisation by cosmic rays and decay-
ing radionuclides is insu�cient to couple the disk and mag-
netic field (Fujii et al. 2011), and thermal ionisation is only
active in the inner disk where T & 103 K. Without gravi-
toturbulence from gravitational instability, or magnetically
driven transport which relies on magnetic coupling little if
any, viscosity is produced throughout the bulk of the disk
(i.e., ↵ ⇡ 0). Thus, equation (57) is invalid across the ma-
jority of the disk.

Motivated by the inconsistency of the constant-↵ disk,
we present an enhanced steady-state ↵ disk in which the
level of angular momentum transport (i.e., ↵) driven by
magnetic fields or gravitoturbulence is consistent with the
level of magnetic coupling and strength of gravitational in-
stability at all radii. To achieve this we divide the disk into
three regions according to the mode of transport:

(i) Saturated magnetic transport - the inner disk is hot
enough for Toomre’s Q � 1 and significant thermal ionisa-
tion allowing for strong magnetic coupling (i.e., ⌘O, ⌘H , ⌘A
are well below than the coupling threshold). Magnetically
driven angular momentum transport is maximally e�cient
and ↵ saturates at its maximum value, which we take as
↵
sat

= 10�3. In this region the disk is identical to the
constant-↵ disk.

(ii) Marginally coupled magnetic transport - in the ma-
jority of the disk, magnetic di↵usivity exceeds the coupling
threshold while self-gravity is still too weak for gravitotur-
bulence (i.e., Toomre’s Q > 1). In this intermediate region
accretion is magnetically driven, although at a reduced e�-
ciency, with (Sano & Stone 2002)

↵ =

⇢
↵
sat

v2a/ (⌘⌦) for an MRI field,
↵
sat

c2s/ (⌘⌦) for a vertical field.
(59)

We find that Ohmic di↵usivity dominates over Hall and Am-
bipolar and so we adopt ⌘ = ⌘O in equation (59).

(iii) Gravoturbulent transport - in the outer disk mag-
netic coupling at the level required by eq (59) would result
in a gravitationally unstable disk with Toomre’s Q < 1, and
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magnetic di↵usivity [i.e., where |r⇥(v⇥B)| � |r⇥ [⌘(r⇥

B)]|, for each di↵usivity, ⌘]. For MRI fields we require that
the turbulent magnetic field grows faster than dissipation
can destroy it such that (Sano & Stone 2002; Mohanty et al.
2013)
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for each di↵usivity ⌘ = ⌘O, ⌘H , and ⌘A. This condition is
equivalent to the condition ⇤ > 1, where ⇤ = v2a/(⌘⌦) is the
Elsasser number. This condition is more relaxed for vertical
fields, as we only require that the magnetic field couples to
the shear (Wardle 2007),
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for each di↵usivity.
Magnetic interaction still occurs for di↵usivity at, or

above the coupling threshold, however the coupling is weak
and the connection between the dynamics of the disk and
field is diminished.

6 DISK MODELS

We consider four circumplanetary disk models in this paper.
We present two Shakura-Sunyaev ↵ disks developed for this
work: (i) a constant ↵ model in which the viscosity parame-
ter is radially uniform (§6.1), and (ii) a self-consistent accre-
tion model in which the level of angular momentum trans-
port is consistent with the strength of magnetic coupling or
gravitational instability at all radii (§6.2). For comparison
we also describe two key circumplanetary disk models in the
literature: (i) the Minimum Mass Jovian Nebula (§6.3), and
(ii) the Canup and Ward ↵ disk (§6.4).

6.1 Constant-↵ model

A common approach to modelling inflow through accretion
disk is to adopt the ↵-viscosity prescription, in which un-
certainties in the form of the viscosity ⌫ are gathered into a
single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (55)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein].

For this model we take the traditional approach, adopt-
ing the ↵-viscosity prescription with a radially constant-
↵. The viscosity determines the accreting column density

needed to achieve mass inflow as Ṁ = 2⇡⌫⌃, such that
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for negligible self-gravity.
To obtain the radial temperature profile, we insert this

relation, along with equation (6), into equation (13), yielding
(Bell et al. 1997)
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6.2 Self-consistent accretion model

The constant-↵ model implicitly assume that the angular
momentum transport mechanism operates at all radii, and
to the right degree. Ionisation by cosmic rays and decay-
ing radionuclides is insu�cient to couple the disk and mag-
netic field (Fujii et al. 2011), and thermal ionisation is only
active in the inner disk where T & 103 K. Without gravi-
toturbulence from gravitational instability, or magnetically
driven transport which relies on magnetic coupling little if
any, viscosity is produced throughout the bulk of the disk
(i.e., ↵ ⇡ 0). Thus, equation (57) is invalid across the ma-
jority of the disk.

Motivated by the inconsistency of the constant-↵ disk,
we present an enhanced steady-state ↵ disk in which the
level of angular momentum transport (i.e., ↵) driven by
magnetic fields or gravitoturbulence is consistent with the
level of magnetic coupling and strength of gravitational in-
stability at all radii. To achieve this we divide the disk into
three regions according to the mode of transport:

(i) Saturated magnetic transport - the inner disk is hot
enough for Toomre’s Q � 1 and significant thermal ionisa-
tion allowing for strong magnetic coupling (i.e., ⌘O, ⌘H , ⌘A
are well below than the coupling threshold). Magnetically
driven angular momentum transport is maximally e�cient
and ↵ saturates at its maximum value, which we take as
↵
sat

= 10�3. In this region the disk is identical to the
constant-↵ disk.

(ii) Marginally coupled magnetic transport - in the ma-
jority of the disk, magnetic di↵usivity exceeds the coupling
threshold while self-gravity is still too weak for gravitotur-
bulence (i.e., Toomre’s Q > 1). In this intermediate region
accretion is magnetically driven, although at a reduced e�-
ciency, with (Sano & Stone 2002)
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v2a/ (⌘⌦) for an MRI field,
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c2s/ (⌘⌦) for a vertical field.
(59)

We find that Ohmic di↵usivity dominates over Hall and Am-
bipolar and so we adopt ⌘ = ⌘O in equation (59).

(iii) Gravoturbulent transport - in the outer disk mag-
netic coupling at the level required by eq (59) would result
in a gravitationally unstable disk with Toomre’s Q < 1, and
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for each di↵usivity ⌘ = ⌘O, ⌘H , and ⌘A. This condition is
equivalent to the condition ⇤ > 1, where ⇤ = v2a/(⌘⌦) is the
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the shear (Wardle 2007),
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for each di↵usivity.
Magnetic interaction still occurs for di↵usivity at, or

above the coupling threshold, however the coupling is weak
and the connection between the dynamics of the disk and
field is diminished.
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work: (i) a constant ↵ model in which the viscosity parame-
ter is radially uniform (§6.1), and (ii) a self-consistent accre-
tion model in which the level of angular momentum trans-
port is consistent with the strength of magnetic coupling or
gravitational instability at all radii (§6.2). For comparison
we also describe two key circumplanetary disk models in the
literature: (i) the Minimum Mass Jovian Nebula (§6.3), and
(ii) the Canup and Ward ↵ disk (§6.4).

6.1 Constant-↵ model

A common approach to modelling inflow through accretion
disk is to adopt the ↵-viscosity prescription, in which un-
certainties in the form of the viscosity ⌫ are gathered into a
single parameter ↵ . 1 (Shakura & Sunyaev 1973),

⌫ = ↵csH. (55)

Observational estimates of ↵, derived from the inferred mass
accretion rates of T-Tauri stars, and the time dependent
behaviour of FU Orionis outbursts, dwarf nova, and X-ray
transients, indicate ↵ ⇠ 0.001�0.1, while numerical magne-
tohydrodynamical shearing box simulations yield ↵ ⇠ 0.01–
10�3 [see King et al. (2007) and references therein].

For this model we take the traditional approach, adopt-
ing the ↵-viscosity prescription with a radially constant-
↵. The viscosity determines the accreting column density

needed to achieve mass inflow as Ṁ = 2⇡⌫⌃, such that

⌃ =
Ṁ

2⇡↵csH
(56)

⇡ 1.6⇥ 102g cm�2

✓
Ṁ

10�6MJ/year

◆⇣ ↵

10�3

⌘�1

⇥

✓
M

MJ

◆ 1
2
✓

T

1000K

◆�1

✓
r

102 RJ

◆� 3
2

(57)

for negligible self-gravity.
To obtain the radial temperature profile, we insert this

relation, along with equation (6), into equation (13), yielding
(Bell et al. 1997)

T
3
2a�b+5 =

9i

22a+8�

⇣µmp

k

⌘ 3
2a+1

↵�(a+1)

✓
Ṁ

⇡

◆a+2

✓
GM

r3

◆a+ 3
2

.

(58)

6.2 Self-consistent accretion model

The constant-↵ model implicitly assume that the angular
momentum transport mechanism operates at all radii, and
to the right degree. Ionisation by cosmic rays and decay-
ing radionuclides is insu�cient to couple the disk and mag-
netic field (Fujii et al. 2011), and thermal ionisation is only
active in the inner disk where T & 103 K. Without gravi-
toturbulence from gravitational instability, or magnetically
driven transport which relies on magnetic coupling little if
any, viscosity is produced throughout the bulk of the disk
(i.e., ↵ ⇡ 0). Thus, equation (57) is invalid across the ma-
jority of the disk.

Motivated by the inconsistency of the constant-↵ disk,
we present an enhanced steady-state ↵ disk in which the
level of angular momentum transport (i.e., ↵) driven by
magnetic fields or gravitoturbulence is consistent with the
level of magnetic coupling and strength of gravitational in-
stability at all radii. To achieve this we divide the disk into
three regions according to the mode of transport:

(i) Saturated magnetic transport - the inner disk is hot
enough for Toomre’s Q � 1 and significant thermal ionisa-
tion allowing for strong magnetic coupling (i.e., ⌘O, ⌘H , ⌘A
are well below than the coupling threshold). Magnetically
driven angular momentum transport is maximally e�cient
and ↵ saturates at its maximum value, which we take as
↵
sat

= 10�3. In this region the disk is identical to the
constant-↵ disk.

(ii) Marginally coupled magnetic transport - in the ma-
jority of the disk, magnetic di↵usivity exceeds the coupling
threshold while self-gravity is still too weak for gravitotur-
bulence (i.e., Toomre’s Q > 1). In this intermediate region
accretion is magnetically driven, although at a reduced e�-
ciency, with (Sano & Stone 2002)

↵ =

⇢
↵
sat

v2a/ (⌘⌦) for an MRI field,
↵
sat

c2s/ (⌘⌦) for a vertical field.
(59)

We find that Ohmic di↵usivity dominates over Hall and Am-
bipolar and so we adopt ⌘ = ⌘O in equation (59).

(iii) Gravoturbulent transport - in the outer disk mag-
netic coupling at the level required by eq (59) would result
in a gravitationally unstable disk with Toomre’s Q < 1, and
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ge = 2 is the statistical weight of an electron, and h is
Planck’s constant. Table 2 gives the atomic weight and
first ionisation energy of five key contributing elements: hy-
drogen, helium, sodium, magnesium, and potassium (Lide
2004).

The exponential factor in the Saha equation gives rise
to switch on/o↵ behaviour in thermal ionisation, such that
the bulk of atoms are ionised in a narrow temperature band
around their ionisation temperature. Potassium has the low-
est ionisation energy and is first to be ionised with an ioni-
sation temperature of T ⇠ 103 K. The Of course, the Saha
equation breaks down once an element becomes fully ionised,
and so we use the result as an upper limit on the true ioni-
sation fraction. Once an element is fully ionised, we clip the
ion density to the maximum ion number density for each
species, according to the abundance xj : ni,j  xj ⇥ n.

We use solar photospheric abundances to model the el-
emental composition of the disk, as given in Table 2 (As-
plund et al. 2009). However heavy elements are encorporated
into grains, reducing their gas phase abundance. We allow
for depletion onto grains through a depletion factor � (c.f.,
Sano et al. 2000). The degree of depletion varies greatly be-
tween elements, however we make the simplifications that
the abundance of elements other than hydrogen and helium
are reduced by a constant factor, 10�. Grain depletion in the
Orion nebula has been determined by comparing the abun-
dances in the HII region (gas only) with that of Orion O stars
(gas+dust; Esteban et al. 1998). Magnesium, a key grain
constituent, is depleted at the level �

Mg

= �0.92, which we
adopt for all depleted elements.

The abundance of the jth element is related to its log-
arithmic form, accounting for depletion onto grains: Xj =
log

10

(nj/nH) + 12� �, where the logarithmic abundance of
hydrogen is defined to be XH = 12. The abundance is then
xj = 10Xj/(

P
i 10

Xi), for which we take the logarithmic
abundances of the remaining elements from Asplund et al.
(2009).

Dust grains also act to reduce the ionisation fraction by
soaking up electrons, acquiring charge through the compet-
itive sticking of electrons and ions to their surface. The net
charge is found through the balance of preferential sticking
of electrons due to their higher thermal velocity, with the
subsequent Coulomb repulsion that develops. The average
charge acquired by a dust grain is (Draine & Sutin 1987)

Zg =  ⌧ �

1

1 +
p
⌧
0

/⌧
(15)

where

⌧ =
agkT

q2
, (16)

⌧
0

⌘

8me

⇡µmp
, (17)

µ ⌘

✓
nese
ni

◆
2

✓
mi

mp

◆
, (18)

where se is the electron sticking coe�cient, ag the grain
radius, and  is the solution to the transcendental equation
(Spitzer 1941):

1�  =

✓
µ
mp

me

◆ 1
2

e . (19)

We solve this using the a second order approximation (Arm-

strong & Kulesza 1981)

 = 1� ln(1+y)+
ln(1 + y)

1 + ln(1 + y)
ln[(1+y�1) ln(1+y)] (20)

with y ⌘ e
p

µmp/me.
Charge fluctuations are small, with most grains having

charge within one unit about this mean (Elmegreen 1979).
Measurements and analytical estimates of the electron stick-
ing coe�cient suggest se is in the range 10�3–1 (Umebayashi
& Nakano 1980; Heinisch et al. 2010). As an approximation,
we maximise the impact of grain charge removal by adopting
se ⇠ 1.

We adopt a constant gas to dust mass ratio ratio ⇢d/⇢ ⌘

fdg = 10�2, grain size ag = 0.1µm, and grain bulk density
⇢b = 3g cm�3 (Pollack et al. 1994). This leads to a grain
number density

ng =
mnfdgn
4

3

⇡a3

g⇢b

⇡ 3.1⇥ 103 cm�3

⇣ n

1015 cm�3

⌘✓
fdg
10�2

◆

⇥

✓
ag

0.1µm

◆�3

✓
⇢b

3 g cm�3

◆�1

. (21)

Grain evaporation, which removes grain species, will cause
spatial variation of these properties. For instance, very few
grains would be present where the temperature exceeds
the vaporisation temperature of iron (T ⇠ 1500K at ⇢ ⇠

10�7 g cm�3; Pollack et al. 1994). However, removing grains
in this region (i.e., fdg = 0 for r < 7RJ) has no e↵ect on
the boundary of the magnetically-coupled region owing to
the overwhelming e↵ectiveness of thermal ionisation here.
Indeed, if grains are removed uniformly across the disk (i.e.,
fdg = 0 for all r), this only extends the magnetically-coupled
region in our constant-↵ disk by 3RJ .

The final condition needed to determine the ionisation
level is charge neutrality,

ni � ne + Zgng = 0. (22)

To solve equations (14)–(22), we use Powell’s Hybrid
Method for root finding (Powell 1970), with the routine
fsolve from the Python library scipy.optimize (Jones
et al. 2001). This method is a modified form of Newton’s
Method, which checks that the residual is improved before
accepting a Newton step. This optimisation allows for con-
vergence despite the steep gradients caused by the exponen-
tial factor in the Saha equation.

3.2 Ionisation by decaying radionuclides and
cosmic rays

Cosmic rays and the decay of radionuclides are the primary
sources of ionisation in the outer disk where it is too cool for
thermal ionisation. The short-lived radioisotope 26Al is the
main contributor to ionisation by decaying radionuclides,
yielding an ionisation rate ⇣R = 7.6⇥10�19 s�1 (Umebayashi
& Nakano 2009). Cosmic ray ionisation occurs at a rate
⇣
CR

= 10�17 s�1 exp(�⌃/�
CR

), where �
CR

= 96 g cm�2 is
the attenuation depth of cosmic rays.

Calculating the ionisation resulting from radioactive de-
cay involves solving the coupled set of reaction rate equa-
tions for electrons, metal ions (number density ni with metal
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H–scattering 10�36 1/3 10 H–scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Unspecifieda 1.4 0 3.6

a Zhu et al. (2009) give an opacity regime with unspecified opacity source in the footnote of their Table 3. We give it above,
labelled ‘Unspecified’, although is not relevant in our model circumplanetary disks.

Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This

relationship allows us to describe the disk temperature and
column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

3 DEGREE OF IONISATION

In this section we calculate the level of ionisation at the
midplane of the circumplanetary disk. The disk is too dense
for the penetration of cosmic rays and X-rays down to the
midplane, and so the primary sources of ionisation are ther-
mal ionisation and decaying radionuclides. We also consider
two further ionising mechanisms produced by the action of
MRI turbulence - the transport of ionisation from MRI ac-
tive surface layers to the midplane by eddies, and ionisation
from electric fields generated by MRI turbulence.

3.1 Thermal ionisation

Ionisation leads to the production of electrons, ions (with
atomic number j), and charged dust grains with associated
number density ne, ni,j , ng, mass me, mi,j , mg, and charge
�q, +q, Zgq respectively. Here, the grain mass and charge
represent the mean value. From this we define the total
ion number density ni ⌘

P
j ni,j , and average ion mass

mi ⌘

⇣
n�1

i

P
j ni,jm

�1/2
i,j

⌘�2

, where the summation runs

over each ion species.
To calculate the level of thermal ionisation we use the

Saha equation

neni,j

nj
= ge

✓
2⇡mekT

h3

◆ 3
2

exp
⇣
�

�j

kT

⌘
, (14)

where nj is the number density of neutrals with atomic num-
ber j, �j is the ionisation potential of the jth ion species,
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ge = 2 is the statistical weight of an electron, and h is
Planck’s constant. Table 2 gives the atomic weight and
first ionisation energy of five key contributing elements: hy-
drogen, helium, sodium, magnesium, and potassium (Lide
2004).

The exponential factor in the Saha equation gives rise
to switch on/o↵ behaviour in thermal ionisation, such that
the bulk of atoms are ionised in a narrow temperature band
around their ionisation temperature. Potassium has the low-
est ionisation energy and is first to be ionised with an ioni-
sation temperature of T ⇠ 103 K. The Of course, the Saha
equation breaks down once an element becomes fully ionised,
and so we use the result as an upper limit on the true ioni-
sation fraction. Once an element is fully ionised, we clip the
ion density to the maximum ion number density for each
species, according to the abundance xj : ni,j  xj ⇥ n.

We use solar photospheric abundances to model the el-
emental composition of the disk, as given in Table 2 (As-
plund et al. 2009). However heavy elements are encorporated
into grains, reducing their gas phase abundance. We allow
for depletion onto grains through a depletion factor � (c.f.,
Sano et al. 2000). The degree of depletion varies greatly be-
tween elements, however we make the simplifications that
the abundance of elements other than hydrogen and helium
are reduced by a constant factor, 10�. Grain depletion in the
Orion nebula has been determined by comparing the abun-
dances in the HII region (gas only) with that of Orion O stars
(gas+dust; Esteban et al. 1998). Magnesium, a key grain
constituent, is depleted at the level �

Mg

= �0.92, which we
adopt for all depleted elements.

The abundance of the jth element is related to its log-
arithmic form, accounting for depletion onto grains: Xj =
log

10

(nj/nH) + 12� �, where the logarithmic abundance of
hydrogen is defined to be XH = 12. The abundance is then
xj = 10Xj/(

P
i 10

Xi), for which we take the logarithmic
abundances of the remaining elements from Asplund et al.
(2009).

Dust grains also act to reduce the ionisation fraction by
soaking up electrons, acquiring charge through the compet-
itive sticking of electrons and ions to their surface. The net
charge is found through the balance of preferential sticking
of electrons due to their higher thermal velocity, with the
subsequent Coulomb repulsion that develops. The average
charge acquired by a dust grain is (Draine & Sutin 1987)

Zg =  ⌧ �

1

1 +
p
⌧
0

/⌧
(15)

where

⌧ =
agkT

q2
, (16)

⌧
0

⌘

8me

⇡µmp
, (17)

µ ⌘

✓
nese
ni

◆
2

✓
mi

mp

◆
, (18)

where se is the electron sticking coe�cient, ag the grain
radius, and  is the solution to the transcendental equation
(Spitzer 1941):

1�  =

✓
µ
mp

me

◆ 1
2

e . (19)

We solve this using the a second order approximation (Arm-

strong & Kulesza 1981)

 = 1� ln(1+y)+
ln(1 + y)

1 + ln(1 + y)
ln[(1+y�1) ln(1+y)] (20)

with y ⌘ e
p

µmp/me.
Charge fluctuations are small, with most grains having

charge within one unit about this mean (Elmegreen 1979).
Measurements and analytical estimates of the electron stick-
ing coe�cient suggest se is in the range 10�3–1 (Umebayashi
& Nakano 1980; Heinisch et al. 2010). As an approximation,
we maximise the impact of grain charge removal by adopting
se ⇠ 1.

We adopt a constant gas to dust mass ratio ratio ⇢d/⇢ ⌘

fdg = 10�2, grain size ag = 0.1µm, and grain bulk density
⇢b = 3g cm�3 (Pollack et al. 1994). This leads to a grain
number density

ng =
mnfdgn
4

3

⇡a3

g⇢b

⇡ 3.1⇥ 103 cm�3

⇣ n

1015 cm�3

⌘✓
fdg
10�2

◆

⇥

✓
ag

0.1µm

◆�3

✓
⇢b

3 g cm�3

◆�1

. (21)

Grain evaporation, which removes grain species, will cause
spatial variation of these properties. For instance, very few
grains would be present where the temperature exceeds
the vaporisation temperature of iron (T ⇠ 1500K at ⇢ ⇠

10�7 g cm�3; Pollack et al. 1994). However, removing grains
in this region (i.e., fdg = 0 for r < 7RJ) has no e↵ect on
the boundary of the magnetically-coupled region owing to
the overwhelming e↵ectiveness of thermal ionisation here.
Indeed, if grains are removed uniformly across the disk (i.e.,
fdg = 0 for all r), this only extends the magnetically-coupled
region in our constant-↵ disk by 3RJ .

The final condition needed to determine the ionisation
level is charge neutrality,

ni � ne + Zgng = 0. (22)

To solve equations (14)–(22), we use Powell’s Hybrid
Method for root finding (Powell 1970), with the routine
fsolve from the Python library scipy.optimize (Jones
et al. 2001). This method is a modified form of Newton’s
Method, which checks that the residual is improved before
accepting a Newton step. This optimisation allows for con-
vergence despite the steep gradients caused by the exponen-
tial factor in the Saha equation.

3.2 Ionisation by decaying radionuclides and
cosmic rays

Cosmic rays and the decay of radionuclides are the primary
sources of ionisation in the outer disk where it is too cool for
thermal ionisation. The short-lived radioisotope 26Al is the
main contributor to ionisation by decaying radionuclides,
yielding an ionisation rate ⇣R = 7.6⇥10�19 s�1 (Umebayashi
& Nakano 2009). Cosmic ray ionisation occurs at a rate
⇣
CR

= 10�17 s�1 exp(�⌃/�
CR

), where �
CR

= 96 g cm�2 is
the attenuation depth of cosmic rays.

Calculating the ionisation resulting from radioactive de-
cay involves solving the coupled set of reaction rate equa-
tions for electrons, metal ions (number density ni with metal
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Table 2. Atomic weight, solar photospheric logarithmic abundance and abundance, and first ionisation potential for hydrogen, helium,
sodium, magnesium, and potassium (Lide 2004; Asplund et al. 2009). Depletion of heavy elements by incorporation into grains is
parametrised by �.

Atomic number Element Atomic weight Logarithmic abundance Abundance Ionisation potential Depletion
(amu) (eV) (dex)

1 H 1.01 12.00 9.21⇥10�1 13.60 0
2 He 4.00 10.93 7.84⇥ 10�2 24.59 0
11 Na 22.98 6.24 1.60⇥10�6 5.14 �
12 Mg 24.31 7.60 3.67⇥ 10�5 7.65 �

19 K 39.10 5.03 9.87⇥10�8 4.34 �

abundance xm), and grains subject to charge neutrality.
Molecular ions are the first ions produced as part of the re-
action scheme, however, charge transfer to metals is so rapid
that metal ions are more abundant (Fujii et al. 2011). We
model the metals as a single species, adopting the mass, mi,
and abundance, xi, of the most abundant metal - magnesium
(Lide 2004; Asplund et al. 2009). Free electrons and ions are
formed through ionisation, and are removed through recom-
bination (rate coe�cient kei) and capture by grains (rate co-
e�cients keg, kig for electrons and ions, respectively). These
processes are described by the following rate equations:

dni

dt
= ⇣n� keinine � kigngni, (23)

dne

dt
= ⇣n� keinine � kegngne, (24)

dZg

dt
= kigni � kegne, (25)

0 = ni � ne + Zgng (26)

for which we have neglected grain charge fluctuations (see for
example, Umebayashi & Nakano 1980; Fujii et al. 2011). An-
ticipating that the resulting ionisation fraction will be low,
we make the following simplifications: (i) the average grain
charge will be low and so we approximate Zg ⇡ 0 in cal-
culating the rate coe�cients kig, keg and (ii) recombination
is ine�cient such that charge capture by grains dominates
and we set kei = 0. The charge capture rate co-e�cients for
neutral grains are

kig = ⇡a2

g

r
8kbT
⇡mi

⇡ 3.0⇥ 10�5 cm3 s�1

✓
T

103 K

◆ 1
2
✓

ag

0.1µm

◆
2

⇥

✓
mi

24.3mp

◆� 1
2

, (27)

keg = ⇡a2

g

r
8kbT
⇡me

⇡ 6.2⇥ 10�3 cm3 s�1

✓
T

103 K

◆ 1
2
✓

ag

0.1µm

◆
2

. (28)

Under these conditions the equilibrium electron and ion

number density fractions are

ne

n
=

⇣

kegng
,

⇡ 5.2⇥ 10�20

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥

✓
⇣

10�18 s�1

◆✓
⇢b

3 g cm�3

◆✓
fdg
10�2

◆�1

⇥

✓
ag

0.1µm

◆
, (29)

ni

n
=

keg
kig

ne

nn
,

⇡ 1.1⇥ 10�17

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥

✓
⇣

10�18 s�1

◆✓
⇢b

3 g cm�3

◆✓
fdg
10�2

◆�1

⇥

✓
ag

0.1µm

◆✓
mi

24.3mp

◆ 1
2

. (30)

We insert these values into equation (26) to calculate an
improved estimate of the grain charge:

Zg = �

ni

ng

⇡ �3.5⇥ 10�6

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥

✓
⇣

10�18 s�1

◆✓
⇢b

3 g cm�3

◆
2

✓
fdg
10�2

◆�2

⇥

✓
ag

0.1µm

◆
4

✓
mi

24.3mp

◆ 1
2

. (31)

Charge capture by grains has removed a large fraction of
the free electrons and so the average grain charge is small
(validating our initial estimate, Zg ⇡ 0), and simply traces
the ion density:

To calculate the charge resulting from the combined ef-
forts of thermal ionisation and the decay of radionuclides,
we add the contributions linearly. A complete treatment
would address the non-linear e↵ects associated with using
the combined charge particle population, rather than treat-
ing the populations as independent. However, as drop-o↵
of the radial thermal ionisation profile is so steep, the con-
tribution of decaying radionuclides within r . 55RJ is in-
significant when compared to thermal ionisation Similarly,
thermal ionisation is highly ine�cient beyond this distance,
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ge = 2 is the statistical weight of an electron, and h is
Planck’s constant. Table 2 gives the atomic weight and
first ionisation energy of five key contributing elements: hy-
drogen, helium, sodium, magnesium, and potassium (Lide
2004).

The exponential factor in the Saha equation gives rise
to switch on/o↵ behaviour in thermal ionisation, such that
the bulk of atoms are ionised in a narrow temperature band
around their ionisation temperature. Potassium has the low-
est ionisation energy and is first to be ionised with an ioni-
sation temperature of T ⇠ 103 K. The Of course, the Saha
equation breaks down once an element becomes fully ionised,
and so we use the result as an upper limit on the true ioni-
sation fraction. Once an element is fully ionised, we clip the
ion density to the maximum ion number density for each
species, according to the abundance xj : ni,j  xj ⇥ n.

We use solar photospheric abundances to model the el-
emental composition of the disk, as given in Table 2 (As-
plund et al. 2009). However heavy elements are encorporated
into grains, reducing their gas phase abundance. We allow
for depletion onto grains through a depletion factor � (c.f.,
Sano et al. 2000). The degree of depletion varies greatly be-
tween elements, however we make the simplifications that
the abundance of elements other than hydrogen and helium
are reduced by a constant factor, 10�. Grain depletion in the
Orion nebula has been determined by comparing the abun-
dances in the HII region (gas only) with that of Orion O stars
(gas+dust; Esteban et al. 1998). Magnesium, a key grain
constituent, is depleted at the level �

Mg

= �0.92, which we
adopt for all depleted elements.

The abundance of the jth element is related to its log-
arithmic form, accounting for depletion onto grains: Xj =
log

10

(nj/nH) + 12� �, where the logarithmic abundance of
hydrogen is defined to be XH = 12. The abundance is then
xj = 10Xj/(

P
i 10

Xi), for which we take the logarithmic
abundances of the remaining elements from Asplund et al.
(2009).

Dust grains also act to reduce the ionisation fraction by
soaking up electrons, acquiring charge through the compet-
itive sticking of electrons and ions to their surface. The net
charge is found through the balance of preferential sticking
of electrons due to their higher thermal velocity, with the
subsequent Coulomb repulsion that develops. The average
charge acquired by a dust grain is (Draine & Sutin 1987)

Zg =  ⌧ �

1

1 +
p
⌧
0

/⌧
(15)

where

⌧ =
agkT

q2
, (16)

⌧
0

⌘

8me

⇡µmp
, (17)

µ ⌘

✓
nese
ni

◆
2

✓
mi

mp

◆
, (18)

where se is the electron sticking coe�cient, ag the grain
radius, and  is the solution to the transcendental equation
(Spitzer 1941):

1�  =

✓
µ
mp

me

◆ 1
2

e . (19)

We solve this using the a second order approximation (Arm-

strong & Kulesza 1981)

 = 1� ln(1+y)+
ln(1 + y)

1 + ln(1 + y)
ln[(1+y�1) ln(1+y)] (20)

with y ⌘ e
p

µmp/me.
Charge fluctuations are small, with most grains having

charge within one unit about this mean (Elmegreen 1979).
Measurements and analytical estimates of the electron stick-
ing coe�cient suggest se is in the range 10�3–1 (Umebayashi
& Nakano 1980; Heinisch et al. 2010). As an approximation,
we maximise the impact of grain charge removal by adopting
se ⇠ 1.

We adopt a constant gas to dust mass ratio ratio ⇢d/⇢ ⌘

fdg = 10�2, grain size ag = 0.1µm, and grain bulk density
⇢b = 3g cm�3 (Pollack et al. 1994). This leads to a grain
number density

ng =
mnfdgn
4

3

⇡a3

g⇢b

⇡ 3.1⇥ 103 cm�3

⇣ n

1015 cm�3

⌘✓
fdg
10�2

◆

⇥

✓
ag

0.1µm

◆�3

✓
⇢b

3 g cm�3

◆�1

. (21)

Grain evaporation, which removes grain species, will cause
spatial variation of these properties. For instance, very few
grains would be present where the temperature exceeds
the vaporisation temperature of iron (T ⇠ 1500K at ⇢ ⇠

10�7 g cm�3; Pollack et al. 1994). However, removing grains
in this region (i.e., fdg = 0 for r < 7RJ) has no e↵ect on
the boundary of the magnetically-coupled region owing to
the overwhelming e↵ectiveness of thermal ionisation here.
Indeed, if grains are removed uniformly across the disk (i.e.,
fdg = 0 for all r), this only extends the magnetically-coupled
region in our constant-↵ disk by 3RJ .

The final condition needed to determine the ionisation
level is charge neutrality,

ni � ne + Zgng = 0. (22)

To solve equations (14)–(22), we use Powell’s Hybrid
Method for root finding (Powell 1970), with the routine
fsolve from the Python library scipy.optimize (Jones
et al. 2001). This method is a modified form of Newton’s
Method, which checks that the residual is improved before
accepting a Newton step. This optimisation allows for con-
vergence despite the steep gradients caused by the exponen-
tial factor in the Saha equation.

3.2 Ionisation by decaying radionuclides and
cosmic rays

Cosmic rays and the decay of radionuclides are the primary
sources of ionisation in the outer disk where it is too cool for
thermal ionisation. The short-lived radioisotope 26Al is the
main contributor to ionisation by decaying radionuclides,
yielding an ionisation rate ⇣R = 7.6⇥10�19 s�1 (Umebayashi
& Nakano 2009). Cosmic ray ionisation occurs at a rate
⇣
CR

= 10�17 s�1 exp(�⌃/�
CR

), where �
CR

= 96 g cm�2 is
the attenuation depth of cosmic rays.

Calculating the ionisation resulting from radioactive de-
cay involves solving the coupled set of reaction rate equa-
tions for electrons, metal ions (number density ni with metal
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Table 1. Coe�cient and indices, in each opacity regime, for the opacity law  = i ⇢
a T b, as given in Table 3 of Bell & Lin (1994) and

Table 1 of Zhu et al. (2009). The resulting opacity has units of cm2 g�1. See equation (12) and Fig. 1 for the boundaries of the opacity
regimes.

Bell & Lin (1994) Zhu et al. (2009)

Opacity Regime i a b Opacity Regime i a b

Ice grains 2⇥ 10�4 0 2 Grains 5.3⇥ 10�2 0 0.74
Evaporation of ice grains 2⇥ 1016 0 �7 Grain evaporation 1.0⇥ 10145 1.3 �42
Metal grains 0.1 0 1/2 Water vapour 1.0⇥ 10�15 0 4.1
Evaporation of metal grains 2⇥ 1081 1 �24 1.1⇥ 1064 0.68 �18
Molecules 10�8 2/3 3 Molecules 5.1⇥ 10�11 0.50 3.4
H–scattering 10�36 1/3 10 H–scattering 8.9⇥ 10�39 0.38 11
Bound–free and free–free 1.5⇥ 1020 1 �5/2 Bound–free and free–free 1.1⇥ 1019 0.93 �2.4
Electron scattering 0.348 0 0 Electron scattering 0.33 0 0

Unspecifieda 1.4 0 3.6

a Zhu et al. (2009) give an opacity regime with unspecified opacity source in the footnote of their Table 3. We give it above,
labelled ‘Unspecified’, although is not relevant in our model circumplanetary disks.

Figure 1. Temperature and density boundaries of the Zhu et al.
(2009) opacity regimes, given in Table 1, calculated with equation
(12).

opacity for temperatures T ⇠1500–3000K because it ne-
glects contributions from TiO and water lines longward of
5µm (Alexander & Ferguson 1994; Semenov et al. 2003; Zhu
et al. 2009). The discrepancy is greatest at ⇠ 1700K where
the Bell & Lin opacity is a factor ⇠ 500 too low, as compared
with the Zhu et al. model.

We solve for the local structure (i.e., ⌃ and T ) simul-
taneously with the opacity, at each radius. Following Bell
et al. (1997), we solve for the radial temperature profile by
combining equations (2), (3), (5), (8) – (11) and the opacity
law in Table 1, to give

T 4�b =
9Ṁi

2a+7⇡�
⌦2H�a⌃a+1, (13)

with a, b, and i specified for each opacity regime. This

relationship allows us to describe the disk temperature and
column density self consistently, when one or the other is
specified.

At a given radius, we solve this equation within each
opacity regime, and determine whether the resulting tem-
perature and density fall within the limits of that regime.
Solutions which do not fall within these limits are discarded.
The solution is not necessarily unique, as the disk may sat-
isfy the conditions of multiple opacity regimes (e.g., Bell &
Lin 1994; Zhu et al. 2007).

3 DEGREE OF IONISATION

In this section we calculate the level of ionisation at the
midplane of the circumplanetary disk. The disk is too dense
for the penetration of cosmic rays and X-rays down to the
midplane, and so the primary sources of ionisation are ther-
mal ionisation and decaying radionuclides. We also consider
two further ionising mechanisms produced by the action of
MRI turbulence - the transport of ionisation from MRI ac-
tive surface layers to the midplane by eddies, and ionisation
from electric fields generated by MRI turbulence.

3.1 Thermal ionisation

Ionisation leads to the production of electrons, ions (with
atomic number j), and charged dust grains with associated
number density ne, ni,j , ng, mass me, mi,j , mg, and charge
�q, +q, Zgq respectively. Here, the grain mass and charge
represent the mean value. From this we define the total
ion number density ni ⌘

P
j ni,j , and average ion mass

mi ⌘

⇣
n�1

i

P
j ni,jm

�1/2
i,j

⌘�2

, where the summation runs

over each ion species.
To calculate the level of thermal ionisation we use the

Saha equation

neni,j

nj
= ge

✓
2⇡mekT

h3

◆ 3
2

exp
⇣
�

�j

kT

⌘
, (14)

where nj is the number density of neutrals with atomic num-
ber j, �j is the ionisation potential of the jth ion species,
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ge = 2 is the statistical weight of an electron, and h is
Planck’s constant. Table 2 gives the atomic weight and
first ionisation energy of five key contributing elements: hy-
drogen, helium, sodium, magnesium, and potassium (Lide
2004).

The exponential factor in the Saha equation gives rise
to switch on/o↵ behaviour in thermal ionisation, such that
the bulk of atoms are ionised in a narrow temperature band
around their ionisation temperature. Potassium has the low-
est ionisation energy and is first to be ionised with an ioni-
sation temperature of T ⇠ 103 K. The Of course, the Saha
equation breaks down once an element becomes fully ionised,
and so we use the result as an upper limit on the true ioni-
sation fraction. Once an element is fully ionised, we clip the
ion density to the maximum ion number density for each
species, according to the abundance xj : ni,j  xj ⇥ n.

We use solar photospheric abundances to model the el-
emental composition of the disk, as given in Table 2 (As-
plund et al. 2009). However heavy elements are encorporated
into grains, reducing their gas phase abundance. We allow
for depletion onto grains through a depletion factor � (c.f.,
Sano et al. 2000). The degree of depletion varies greatly be-
tween elements, however we make the simplifications that
the abundance of elements other than hydrogen and helium
are reduced by a constant factor, 10�. Grain depletion in the
Orion nebula has been determined by comparing the abun-
dances in the HII region (gas only) with that of Orion O stars
(gas+dust; Esteban et al. 1998). Magnesium, a key grain
constituent, is depleted at the level �

Mg

= �0.92, which we
adopt for all depleted elements.

The abundance of the jth element is related to its log-
arithmic form, accounting for depletion onto grains: Xj =
log

10

(nj/nH) + 12� �, where the logarithmic abundance of
hydrogen is defined to be XH = 12. The abundance is then
xj = 10Xj/(

P
i 10

Xi), for which we take the logarithmic
abundances of the remaining elements from Asplund et al.
(2009).

Dust grains also act to reduce the ionisation fraction by
soaking up electrons, acquiring charge through the compet-
itive sticking of electrons and ions to their surface. The net
charge is found through the balance of preferential sticking
of electrons due to their higher thermal velocity, with the
subsequent Coulomb repulsion that develops. The average
charge acquired by a dust grain is (Draine & Sutin 1987)

Zg =  ⌧ �

1

1 +
p
⌧
0

/⌧
(15)

where

⌧ =
agkT

q2
, (16)

⌧
0

⌘

8me

⇡µmp
, (17)

µ ⌘

✓
nese
ni

◆
2

✓
mi

mp

◆
, (18)

where se is the electron sticking coe�cient, ag the grain
radius, and  is the solution to the transcendental equation
(Spitzer 1941):

1�  =

✓
µ
mp

me

◆ 1
2

e . (19)

We solve this using the a second order approximation (Arm-

strong & Kulesza 1981)

 = 1� ln(1+y)+
ln(1 + y)

1 + ln(1 + y)
ln[(1+y�1) ln(1+y)] (20)

with y ⌘ e
p

µmp/me.
Charge fluctuations are small, with most grains having

charge within one unit about this mean (Elmegreen 1979).
Measurements and analytical estimates of the electron stick-
ing coe�cient suggest se is in the range 10�3–1 (Umebayashi
& Nakano 1980; Heinisch et al. 2010). As an approximation,
we maximise the impact of grain charge removal by adopting
se ⇠ 1.

We adopt a constant gas to dust mass ratio ratio ⇢d/⇢ ⌘

fdg = 10�2, grain size ag = 0.1µm, and grain bulk density
⇢b = 3g cm�3 (Pollack et al. 1994). This leads to a grain
number density

ng =
mnfdgn
4

3

⇡a3

g⇢b

⇡ 3.1⇥ 103 cm�3

⇣ n

1015 cm�3

⌘✓
fdg
10�2

◆

⇥

✓
ag

0.1µm

◆�3

✓
⇢b

3 g cm�3

◆�1

. (21)

Grain evaporation, which removes grain species, will cause
spatial variation of these properties. For instance, very few
grains would be present where the temperature exceeds
the vaporisation temperature of iron (T ⇠ 1500K at ⇢ ⇠

10�7 g cm�3; Pollack et al. 1994). However, removing grains
in this region (i.e., fdg = 0 for r < 7RJ) has no e↵ect on
the boundary of the magnetically-coupled region owing to
the overwhelming e↵ectiveness of thermal ionisation here.
Indeed, if grains are removed uniformly across the disk (i.e.,
fdg = 0 for all r), this only extends the magnetically-coupled
region in our constant-↵ disk by 3RJ .

The final condition needed to determine the ionisation
level is charge neutrality,

ni � ne + Zgng = 0. (22)

To solve equations (14)–(22), we use Powell’s Hybrid
Method for root finding (Powell 1970), with the routine
fsolve from the Python library scipy.optimize (Jones
et al. 2001). This method is a modified form of Newton’s
Method, which checks that the residual is improved before
accepting a Newton step. This optimisation allows for con-
vergence despite the steep gradients caused by the exponen-
tial factor in the Saha equation.

3.2 Ionisation by decaying radionuclides and
cosmic rays

Cosmic rays and the decay of radionuclides are the primary
sources of ionisation in the outer disk where it is too cool for
thermal ionisation. The short-lived radioisotope 26Al is the
main contributor to ionisation by decaying radionuclides,
yielding an ionisation rate ⇣R = 7.6⇥10�19 s�1 (Umebayashi
& Nakano 2009). Cosmic ray ionisation occurs at a rate
⇣
CR

= 10�17 s�1 exp(�⌃/�
CR

), where �
CR

= 96 g cm�2 is
the attenuation depth of cosmic rays.

Calculating the ionisation resulting from radioactive de-
cay involves solving the coupled set of reaction rate equa-
tions for electrons, metal ions (number density ni with metal
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Table 2. Atomic weight, solar photospheric logarithmic abundance and abundance, and first ionisation potential for hydrogen, helium,
sodium, magnesium, and potassium (Lide 2004; Asplund et al. 2009). Depletion of heavy elements by incorporation into grains is
parametrised by �.

Atomic number Element Atomic weight Logarithmic abundance Abundance Ionisation potential Depletion
(amu) (eV) (dex)

1 H 1.01 12.00 9.21⇥10�1 13.60 0
2 He 4.00 10.93 7.84⇥ 10�2 24.59 0
11 Na 22.98 6.24 1.60⇥10�6 5.14 �
12 Mg 24.31 7.60 3.67⇥ 10�5 7.65 �

19 K 39.10 5.03 9.87⇥10�8 4.34 �

abundance xm), and grains subject to charge neutrality.
Molecular ions are the first ions produced as part of the re-
action scheme, however, charge transfer to metals is so rapid
that metal ions are more abundant (Fujii et al. 2011). We
model the metals as a single species, adopting the mass, mi,
and abundance, xi, of the most abundant metal - magnesium
(Lide 2004; Asplund et al. 2009). Free electrons and ions are
formed through ionisation, and are removed through recom-
bination (rate coe�cient kei) and capture by grains (rate co-
e�cients keg, kig for electrons and ions, respectively). These
processes are described by the following rate equations:

dni

dt
= ⇣n� keinine � kigngni, (23)

dne

dt
= ⇣n� keinine � kegngne, (24)

dZg

dt
= kigni � kegne, (25)

0 = ni � ne + Zgng (26)

for which we have neglected grain charge fluctuations (see for
example, Umebayashi & Nakano 1980; Fujii et al. 2011). An-
ticipating that the resulting ionisation fraction will be low,
we make the following simplifications: (i) the average grain
charge will be low and so we approximate Zg ⇡ 0 in cal-
culating the rate coe�cients kig, keg and (ii) recombination
is ine�cient such that charge capture by grains dominates
and we set kei = 0. The charge capture rate co-e�cients for
neutral grains are

kig = ⇡a2

g

r
8kbT
⇡mi

⇡ 3.0⇥ 10�5 cm3 s�1

✓
T

103 K

◆ 1
2
✓

ag

0.1µm

◆
2

⇥

✓
mi

24.3mp

◆� 1
2

, (27)

keg = ⇡a2

g

r
8kbT
⇡me

⇡ 6.2⇥ 10�3 cm3 s�1

✓
T

103 K

◆ 1
2
✓

ag

0.1µm

◆
2

. (28)

Under these conditions the equilibrium electron and ion

number density fractions are

ne

n
=

⇣

kegng
,

⇡ 5.2⇥ 10�20

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥
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⇣

10�18 s�1

◆✓
⇢b
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◆✓
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10�2

◆�1

⇥

✓
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0.1µm

◆
, (29)

ni

n
=

keg
kig

ne

nn
,

⇡ 1.1⇥ 10�17

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥

✓
⇣

10�18 s�1

◆✓
⇢b

3 g cm�3

◆✓
fdg
10�2

◆�1

⇥

✓
ag

0.1µm

◆✓
mi

24.3mp

◆ 1
2

. (30)

We insert these values into equation (26) to calculate an
improved estimate of the grain charge:

Zg = �

ni

ng

⇡ �3.5⇥ 10�6

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3

⌘�1

⇥

✓
⇣

10�18 s�1

◆✓
⇢b

3 g cm�3

◆
2

✓
fdg
10�2

◆�2

⇥

✓
ag

0.1µm

◆
4

✓
mi

24.3mp

◆ 1
2

. (31)

Charge capture by grains has removed a large fraction of
the free electrons and so the average grain charge is small
(validating our initial estimate, Zg ⇡ 0), and simply traces
the ion density:

To calculate the charge resulting from the combined ef-
forts of thermal ionisation and the decay of radionuclides,
we add the contributions linearly. A complete treatment
would address the non-linear e↵ects associated with using
the combined charge particle population, rather than treat-
ing the populations as independent. However, as drop-o↵
of the radial thermal ionisation profile is so steep, the con-
tribution of decaying radionuclides within r . 55RJ is in-
significant when compared to thermal ionisation Similarly,
thermal ionisation is highly ine�cient beyond this distance,
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Table 2. Atomic weight, solar photospheric logarithmic abundance and abundance, and first ionisation potential for hydrogen, helium,
sodium, magnesium, and potassium (Lide 2004; Asplund et al. 2009). Depletion of heavy elements by incorporation into grains is
parametrised by �.

Atomic number Element Atomic weight Logarithmic abundance Abundance Ionisation potential Depletion
(amu) (eV) (dex)

1 H 1.01 12.00 9.21⇥10�1 13.60 0
2 He 4.00 10.93 7.84⇥ 10�2 24.59 0
11 Na 22.98 6.24 1.60⇥10�6 5.14 �
12 Mg 24.31 7.60 3.67⇥ 10�5 7.65 �

19 K 39.10 5.03 9.87⇥10�8 4.34 �

abundance xm), and grains subject to charge neutrality.
Molecular ions are the first ions produced as part of the re-
action scheme, however, charge transfer to metals is so rapid
that metal ions are more abundant (Fujii et al. 2011). We
model the metals as a single species, adopting the mass, mi,
and abundance, xi, of the most abundant metal - magnesium
(Lide 2004; Asplund et al. 2009). Free electrons and ions are
formed through ionisation, and are removed through recom-
bination (rate coe�cient kei) and capture by grains (rate co-
e�cients keg, kig for electrons and ions, respectively). These
processes are described by the following rate equations:

dni

dt
= ⇣n� keinine � kigngni, (23)

dne

dt
= ⇣n� keinine � kegngne, (24)

dZg

dt
= kigni � kegne, (25)

0 = ni � ne + Zgng (26)

for which we have neglected grain charge fluctuations (see for
example, Umebayashi & Nakano 1980; Fujii et al. 2011). An-
ticipating that the resulting ionisation fraction will be low,
we make the following simplifications: (i) the average grain
charge will be low and so we approximate Zg ⇡ 0 in cal-
culating the rate coe�cients kig, keg and (ii) recombination
is ine�cient such that charge capture by grains dominates
and we set kei = 0. The charge capture rate co-e�cients for
neutral grains are

kig = ⇡a2

g

r
8kbT
⇡mi

⇡ 3.0⇥ 10�5 cm3 s�1

✓
T

103 K

◆ 1
2
✓
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, (27)

keg = ⇡a2
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⇡me

⇡ 6.2⇥ 10�3 cm3 s�1
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103 K
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2
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. (28)

Under these conditions the equilibrium electron and ion

number density fractions are

ne
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,
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◆
, (29)
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. (30)

We insert these values into equation (26) to calculate an
improved estimate of the grain charge:

Zg = �

ni

ng

⇡ �3.5⇥ 10�6

✓
T

103 K

◆� 1
2 ⇣ n

1015 cm�3
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◆�2

⇥
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. (31)

Charge capture by grains has removed a large fraction of
the free electrons and so the average grain charge is small
(validating our initial estimate, Zg ⇡ 0), and simply traces
the ion density:

To calculate the charge resulting from the combined ef-
forts of thermal ionisation and the decay of radionuclides,
we add the contributions linearly. A complete treatment
would address the non-linear e↵ects associated with using
the combined charge particle population, rather than treat-
ing the populations as independent. However, as drop-o↵
of the radial thermal ionisation profile is so steep, the con-
tribution of decaying radionuclides within r . 55RJ is in-
significant when compared to thermal ionisation Similarly,
thermal ionisation is highly ine�cient beyond this distance,
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Table 2. Atomic weight, solar photospheric logarithmic abundance and abundance, and first ionisation potential for hydrogen, helium,
sodium, magnesium, and potassium (Lide 2004; Asplund et al. 2009). Depletion of heavy elements by incorporation into grains is
parametrised by �.

Atomic number Element Atomic weight Logarithmic abundance Abundance Ionisation potential Depletion
(amu) (eV) (dex)

1 H 1.01 12.00 9.21⇥10�1 13.60 0
2 He 4.00 10.93 7.84⇥ 10�2 24.59 0
11 Na 22.98 6.24 1.60⇥10�6 5.14 �
12 Mg 24.31 7.60 3.67⇥ 10�5 7.65 �

19 K 39.10 5.03 9.87⇥10�8 4.34 �

abundance xm), and grains subject to charge neutrality.
Molecular ions are the first ions produced as part of the re-
action scheme, however, charge transfer to metals is so rapid
that metal ions are more abundant (Fujii et al. 2011). We
model the metals as a single species, adopting the mass, mi,
and abundance, xi, of the most abundant metal - magnesium
(Lide 2004; Asplund et al. 2009). Free electrons and ions are
formed through ionisation, and are removed through recom-
bination (rate coe�cient kei) and capture by grains (rate co-
e�cients keg, kig for electrons and ions, respectively). These
processes are described by the following rate equations:

dni

dt
= ⇣n� keinine � kigngni, (23)

dne

dt
= ⇣n� keinine � kegngne, (24)

dZg

dt
= kigni � kegne, (25)

0 = ni � ne + Zgng (26)

for which we have neglected grain charge fluctuations (see for
example, Umebayashi & Nakano 1980; Fujii et al. 2011). An-
ticipating that the resulting ionisation fraction will be low,
we make the following simplifications: (i) the average grain
charge will be low and so we approximate Zg ⇡ 0 in cal-
culating the rate coe�cients kig, keg and (ii) recombination
is ine�cient such that charge capture by grains dominates
and we set kei = 0. The charge capture rate co-e�cients for
neutral grains are

kig = ⇡a2
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keg = ⇡a2
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Under these conditions the equilibrium electron and ion

number density fractions are
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◆
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We insert these values into equation (26) to calculate an
improved estimate of the grain charge:

Zg = �

ni
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103 K
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2 ⇣ n
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◆
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4
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2

. (31)

Charge capture by grains has removed a large fraction of
the free electrons and so the average grain charge is small
(validating our initial estimate, Zg ⇡ 0), and simply traces
the ion density:

To calculate the charge resulting from the combined ef-
forts of thermal ionisation and the decay of radionuclides,
we add the contributions linearly. A complete treatment
would address the non-linear e↵ects associated with using
the combined charge particle population, rather than treat-
ing the populations as independent. However, as drop-o↵
of the radial thermal ionisation profile is so steep, the con-
tribution of decaying radionuclides within r . 55RJ is in-
significant when compared to thermal ionisation Similarly,
thermal ionisation is highly ine�cient beyond this distance,
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and so charge production is by radioactive decay and cosmic
rays.

3.3 Ionisation from MRI turbulence

The action of MRI turbulence in the disk o↵er two further
ionising mechanisms, which we describe below. We do not
calculate the level of ionisation produced by these mecha-
nisms, but rather determine their e↵ectiveness within the
circumplanetary disk.

Eddies within MRI active surface layers caused by cos-
mic ray ionisation may penetrate into the underlying dead
zone, transporting ionised material with them (Ilgner & Nel-
son 2006; Turner et al. 2007; Ilgner & Nelson 2008). Tur-
bulent mixing may deliver enough ionisation into the dead
zone for magnetic coupling and reactivation of the dead zone
(Turner et al. 2007). The vertical mixing time-scale for dif-
fusion through a scale height is (Ilgner & Nelson 2006)

⌧D =
H2

⌫
= (↵⌦)�1, (32)

which is 1000 dynamical times for ↵ = 10�3. However,
free charges are removed through recombination and grain
charge capture which lowers the ionisation fraction. From
equation (24), we find that charges are removed on a time-
scale

⌧R = (keini + kegng)
�1 , (33)

where the ion and grain number densities are vertically aver-
aged along the path. We calculate the grain charge capture
rate keg for neutral grains, and the ion number density us-
ing the height averaged cosmic ray and constant radioactive
decay ionisation rates assuming that ion capture by grains is
small. We use a vertically uniform temperature, however we
find no qualitative di↵erence in the results using midplane or
surface temperatures. To determine the e↵ectiveness of mid-
plane ionisation from active surface layers, we will compare
the charge removal, and vertical mixing time-scales.

Ionisation is also produced through currents generated
by the action of the MRI turbulent field (Inutsuka & Sano
2005). The electric field, E, associated with the MRI may
be able to accelerate electrons to high enough energies that
they are able to ionise hydrogen in some regions. Such MRI
‘sustained’ regions occur within the minimum mass solar
nebula, reducing the vertical extent of the dead zone away
from the midplane (Muranushi et al. 2012). Here we deter-
mine if self-sustained MRI occurs in circumplanetary disks.
Joule heating is the primary mechanism for converting work
done by shear [work per unit volume W

S

= (3/2)↵⌦P ] into
the electron kinetic energy. The work dissipated per unit vol-
ume by Joule heating of an equipartition current (i.e., the
current J

eq

= cB
eq

/(4⇡H) associated with an equipartition
field over a length scale H), is WJ = f

fill

f
sat

J
eq

E. Here c is
the speed of light, f

fill

= 0.264 is the filling factor represent-
ing the fraction of the total volume contributing to Joule
heating, and f

sat

= 13.1 is the ratio of the saturation cur-
rent in MRI unstable regions to the equipartition current.
The total energy available for ionisation through Joule heat-
ing is limited to the work done by shear (i.e., WJ  WS),
and so the electric field strength cannot exceed (Muranushi

et al. 2012)1

E =
3↵csBeq

4cf
fill

f
sat

 
2Q

1 +
p

1 + 4Q2

!
. (34)

Given this restriction, we calculate the maximum electron
kinetic energy, ✏, available from Joule heating (Inutsuka &
Sano 2005),

✏ = 0.43qEl
p

mn/me (35)

where l = 1/(nh�eni) ⇡ 1 cm (1015 cm�3/n) is the electron
mean free path, with h�eni = 1015 cm2 is the momentum
transfer rate co-e�cient between elections and neutrals. For
ionisation to be e↵ective, the electron energy, ✏ must exceed
the ionisation threshold of neutral particles within the disk.

4 MAGNETIC FIELD STRENGTH

Further to a possible proto-planetary dynamo field (e.g.,
Juipiter’s present day surface field is 4.2G; Stevenson 2003),
the disk may accrete its own field from the protoplanetary
disk (Quillen & Trilling 1998; Turner et al. 2013). However,
the compactness and transient nature of circumplanetary
disks means that measurements of either the magnetic field
strength or geometry will be di�cult. As both MRI and
vertical fields have been modelled extensively in protoplane-
tary disks, we consider both geometries in driving accretion
in circumplanetary disks. We calculate the magnetic field
strength, B, required to drive accretion at the inferred ac-
cretion rate, Ṁ = 10�6MJ/year.

Three dimensional stratified and unstratified shearing
box, and global MRI simulations with a net vertical flux
indicate that during accretion the MRI magnetic field satu-
rates with (Hawley et al. 1995; Sano et al. 2004; Simon et al.
2011; Parkin & Bicknell 2013)

↵ ⇡ 0.5��1 = 0.5
B2

8⇡P
, (36)

where � ⌘ 8⇡P/B2 is the plasma beta, and P = c2s⇢ is the
pressure. This leads to a magnetic field strength

B
MRI

=
p

16⇡↵c2s⇢, (37)

which can be directly determined by the inflow rate
as(Wardle 2007)

B
MRI

=

✓
Ṁ⌦2

cs

◆ 1
2
 
1 +

p
1 + 4Q2

Q

!

⇡ 0.66G

✓
Ṁ

10�6MJ/year

◆ 1
2
✓

M

MJ

◆
1/2 ✓

T

103 K

◆� 1
4

⇥

✓
r

102 RJ

◆� 3
2

 
Q�1 +

p
Q�2 + 4

2

!
. (38)

The equipartition field, B
eq

=
p

8⇡P , defines the max-
imum field that the disk can support before magnetic pres-
sure dominates over thermal pressure. From equation (36)

1 For consistency we insert our equation (36) into equation (32)
of Muranushi et al. 2012, and account for self-gravity which leads
to stricter criterion, independent of plasma �: f

whb

= 5.4⇥ 10�2

for Q = 0 [c.f., their equation (36)].
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and so charge production is by radioactive decay and cosmic
rays.

3.3 Ionisation from MRI turbulence

The action of MRI turbulence in the disk o↵er two further
ionising mechanisms, which we describe below. We do not
calculate the level of ionisation produced by these mecha-
nisms, but rather determine their e↵ectiveness within the
circumplanetary disk.

Eddies within MRI active surface layers caused by cos-
mic ray ionisation may penetrate into the underlying dead
zone, transporting ionised material with them (Ilgner & Nel-
son 2006; Turner et al. 2007; Ilgner & Nelson 2008). Tur-
bulent mixing may deliver enough ionisation into the dead
zone for magnetic coupling and reactivation of the dead zone
(Turner et al. 2007). The vertical mixing time-scale for dif-
fusion through a scale height is (Ilgner & Nelson 2006)

⌧D =
H2

⌫
= (↵⌦)�1, (32)

which is 1000 dynamical times for ↵ = 10�3. However,
free charges are removed through recombination and grain
charge capture which lowers the ionisation fraction. From
equation (24), we find that charges are removed on a time-
scale

⌧R = (keini + kegng)
�1 , (33)

where the ion and grain number densities are vertically aver-
aged along the path. We calculate the grain charge capture
rate keg for neutral grains, and the ion number density us-
ing the height averaged cosmic ray and constant radioactive
decay ionisation rates assuming that ion capture by grains is
small. We use a vertically uniform temperature, however we
find no qualitative di↵erence in the results using midplane or
surface temperatures. To determine the e↵ectiveness of mid-
plane ionisation from active surface layers, we will compare
the charge removal, and vertical mixing time-scales.

Ionisation is also produced through currents generated
by the action of the MRI turbulent field (Inutsuka & Sano
2005). The electric field, E, associated with the MRI may
be able to accelerate electrons to high enough energies that
they are able to ionise hydrogen in some regions. Such MRI
‘sustained’ regions occur within the minimum mass solar
nebula, reducing the vertical extent of the dead zone away
from the midplane (Muranushi et al. 2012). Here we deter-
mine if self-sustained MRI occurs in circumplanetary disks.
Joule heating is the primary mechanism for converting work
done by shear [work per unit volume W

S

= (3/2)↵⌦P ] into
the electron kinetic energy. The work dissipated per unit vol-
ume by Joule heating of an equipartition current (i.e., the
current J

eq

= cB
eq

/(4⇡H) associated with an equipartition
field over a length scale H), is WJ = f
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eq

E. Here c is
the speed of light, f

fill

= 0.264 is the filling factor represent-
ing the fraction of the total volume contributing to Joule
heating, and f
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= 13.1 is the ratio of the saturation cur-
rent in MRI unstable regions to the equipartition current.
The total energy available for ionisation through Joule heat-
ing is limited to the work done by shear (i.e., WJ  WS),
and so the electric field strength cannot exceed (Muranushi

et al. 2012)1

E =
3↵csBeq
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Given this restriction, we calculate the maximum electron
kinetic energy, ✏, available from Joule heating (Inutsuka &
Sano 2005),

✏ = 0.43qEl
p

mn/me (35)

where l = 1/(nh�eni) ⇡ 1 cm (1015 cm�3/n) is the electron
mean free path, with h�eni = 1015 cm2 is the momentum
transfer rate co-e�cient between elections and neutrals. For
ionisation to be e↵ective, the electron energy, ✏ must exceed
the ionisation threshold of neutral particles within the disk.

4 MAGNETIC FIELD STRENGTH

Further to a possible proto-planetary dynamo field (e.g.,
Juipiter’s present day surface field is 4.2G; Stevenson 2003),
the disk may accrete its own field from the protoplanetary
disk (Quillen & Trilling 1998; Turner et al. 2013). However,
the compactness and transient nature of circumplanetary
disks means that measurements of either the magnetic field
strength or geometry will be di�cult. As both MRI and
vertical fields have been modelled extensively in protoplane-
tary disks, we consider both geometries in driving accretion
in circumplanetary disks. We calculate the magnetic field
strength, B, required to drive accretion at the inferred ac-
cretion rate, Ṁ = 10�6MJ/year.

Three dimensional stratified and unstratified shearing
box, and global MRI simulations with a net vertical flux
indicate that during accretion the MRI magnetic field satu-
rates with (Hawley et al. 1995; Sano et al. 2004; Simon et al.
2011; Parkin & Bicknell 2013)

↵ ⇡ 0.5��1 = 0.5
B2

8⇡P
, (36)

where � ⌘ 8⇡P/B2 is the plasma beta, and P = c2s⇢ is the
pressure. This leads to a magnetic field strength

B
MRI

=
p

16⇡↵c2s⇢, (37)

which can be directly determined by the inflow rate
as(Wardle 2007)

B
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. (38)

The equipartition field, B
eq

=
p

8⇡P , defines the max-
imum field that the disk can support before magnetic pres-
sure dominates over thermal pressure. From equation (36)

1 For consistency we insert our equation (36) into equation (32)
of Muranushi et al. 2012, and account for self-gravity which leads
to stricter criterion, independent of plasma �: f

whb

= 5.4⇥ 10�2

for Q = 0 [c.f., their equation (36)].
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we see that the MRI field is sub-equipartition, satisfying

B
MRI

B
eq

=
va

p

2cs
=

p

2↵ (39)

which is constant for a given ↵, and where the alfvén speed
is

va =
B

p

4⇡⇢
,

⇡ 8.9⇥ 10�2 km s�1

✓
B

1G

◆✓
⇢

10�9g cm�3

◆� 1
2

. (40)

Large-scale fields acting through disk winds and jets
may also drive angular momentum transport and have been
studied in the context of protoplanetary disks (e.g., War-
dle & Königl 1993; Shu et al. 1994; Bai & Stone 2013).
Magnetically-driven outflows have also been proposed for
circumplanetary disks (Quillen & Trilling 1998; Fendt 2003;
Machida et al. 2006; Adams 2011). If a vertical field drives
the inflow the field strength must be at least (Wardle 2007)

B
V

=

s
Ṁ⌦
2r

,

⇡ 0.16G

✓
Ṁ

10�6MJ/year

◆ 1
2
✓

M

MJ
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4
✓

r

102 RJ

◆�5/4

.(41)

5 MAGNETIC COUPLING

We are now in a position to calculate the level of magnetic
di↵usivity within the disk to identify which regions of the
disk are subject to magnetically driven transport. A mini-
mum level of interaction between the disk and the magnetic
field is needed for magnetically controlled accretion.

Collisions disrupt the gyromotion of charged species
around the magnetic field. Collisions between the electrons,
ions, and neutrals occur at a rate ⌫ij (for colliding species i
with j), with (Pandey & Wardle 2008)

⌫
ei

= 1.6⇥ 10�2 s�1

✓
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103 K

◆� 3
2 ⇣ ne

10 cm�3

⌘

⇥
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, (42)

⌫
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✓
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◆
,

(43)

⌫
in

= 3.4⇥ 105 s�1

✓
⇢n

10�9 g cm�3

◆
, (44)

where ⇢n = ⇢� (⇢i + ⇢e), and nn = mn⇢n are the mass and
number density of neutral particles, respectively. Electron–
ions collisions are the dominant source of drag in the highly
ionised inner region, however neutral drag dominates across
the remainder of the disk. The Hall parameter for a species
j, �j , quantifies the relative strength of magnetic forces and
neutral drag. It is the ratio of the gyrofrequency to the neu-
tral collision frequency (Wardle 2007),

�j =
|Zj |eB

mjc

1
⌫jn

. (45)

The Hall parameter is large, �j � 1, when magnetic forces
dominate the equation of motion, and small, �j ⌧ 1, when
neutral drag decouples the motion from the field.

The Hall parameters for ions, electrons, and grains are
(Wardle 1998, 2007)

�i ⇡ 4.6⇥ 10�3

✓
B

1G

◆⇣ n

1015 cm�3

⌘�1

, (46)

�e ⇡ 1.1

✓
B

1G

◆⇣ n

1015 cm�3

⌘�1

✓
T

103 K

◆� 1
2

, (47)

�g ⇡ 3.1⇥ 10�3 Zg

✓
B

1G

◆⇣ n

1015 cm�3

⌘�1

✓
T

103 K

◆� 1
2

⇥

✓
ag

0.1µm

◆ 1
2
✓

⇢b
3 g cm�3

◆ 1
2

. (48)

Ions and grains, being the more massive particles, have
a lower gyrofrequency, and hence a lower Hall parameter.
Thus, neutral collision are more e↵ective at decoupling ions
and grains than electrons. This leads to three regimes, ac-
cording to the neutral density: (a) Ohmic regime, high den-
sity: electron–ion or neutral collisions are so frequent as
to decouple both electrons and ions (i.e., �i ⌧ �e ⌧ 1).
(b) Hall regime, intermediate density: neutral collisions de-
couple ions, but the electrons remain tied to the field (i.e.,
�i ⌧ 1 ⌧ �e). (c) Ambipolar regime, low density: both the
ions and electrons are coupled to the magnetic field, and
drift through the neutrals. (i.e., 1 ⌧ �i ⌧ �e).

In each regime collisions produce magnetic di↵usivity
which a↵ects the evolution of the magnetic field through
the induction equation:

@B
@t

= r(v ⇥B)�r⇥ [⌘O(r⇥B) + ⌘H(r⇥B)⇥ B̂]

�r⇥ [⌘A(r⇥B)?], (49)

where v is the velocity of fluid. The Ohmic (⌘O), Hall (⌘H),
and Ambipolar di↵usivities (⌘A) are [Pandey &Wardle 2008,
Wardle & Pandey (in preparation)]
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where P = ng Zg/ne is the Havnes parameter.
The magnetic field couples to the disk in regions of low
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we see that the MRI field is sub-equipartition, satisfying
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is

va =
B

p

4⇡⇢
,

⇡ 8.9⇥ 10�2 km s�1

✓
B

1G

◆✓
⇢

10�9g cm�3

◆� 1
2

. (40)

Large-scale fields acting through disk winds and jets
may also drive angular momentum transport and have been
studied in the context of protoplanetary disks (e.g., War-
dle & Königl 1993; Shu et al. 1994; Bai & Stone 2013).
Magnetically-driven outflows have also been proposed for
circumplanetary disks (Quillen & Trilling 1998; Fendt 2003;
Machida et al. 2006; Adams 2011). If a vertical field drives
the inflow the field strength must be at least (Wardle 2007)
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5 MAGNETIC COUPLING

We are now in a position to calculate the level of magnetic
di↵usivity within the disk to identify which regions of the
disk are subject to magnetically driven transport. A mini-
mum level of interaction between the disk and the magnetic
field is needed for magnetically controlled accretion.

Collisions disrupt the gyromotion of charged species
around the magnetic field. Collisions between the electrons,
ions, and neutrals occur at a rate ⌫ij (for colliding species i
with j), with (Pandey & Wardle 2008)
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where ⇢n = ⇢� (⇢i + ⇢e), and nn = mn⇢n are the mass and
number density of neutral particles, respectively. Electron–
ions collisions are the dominant source of drag in the highly
ionised inner region, however neutral drag dominates across
the remainder of the disk. The Hall parameter for a species
j, �j , quantifies the relative strength of magnetic forces and
neutral drag. It is the ratio of the gyrofrequency to the neu-
tral collision frequency (Wardle 2007),
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The Hall parameter is large, �j � 1, when magnetic forces
dominate the equation of motion, and small, �j ⌧ 1, when
neutral drag decouples the motion from the field.

The Hall parameters for ions, electrons, and grains are
(Wardle 1998, 2007)
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Ions and grains, being the more massive particles, have
a lower gyrofrequency, and hence a lower Hall parameter.
Thus, neutral collision are more e↵ective at decoupling ions
and grains than electrons. This leads to three regimes, ac-
cording to the neutral density: (a) Ohmic regime, high den-
sity: electron–ion or neutral collisions are so frequent as
to decouple both electrons and ions (i.e., �i ⌧ �e ⌧ 1).
(b) Hall regime, intermediate density: neutral collisions de-
couple ions, but the electrons remain tied to the field (i.e.,
�i ⌧ 1 ⌧ �e). (c) Ambipolar regime, low density: both the
ions and electrons are coupled to the magnetic field, and
drift through the neutrals. (i.e., 1 ⌧ �i ⌧ �e).

In each regime collisions produce magnetic di↵usivity
which a↵ects the evolution of the magnetic field through
the induction equation:
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= r(v ⇥B)�r⇥ [⌘O(r⇥B) + ⌘H(r⇥B)⇥ B̂]

�r⇥ [⌘A(r⇥B)?], (49)

where v is the velocity of fluid. The Ohmic (⌘O), Hall (⌘H),
and Ambipolar di↵usivities (⌘A) are [Pandey &Wardle 2008,
Wardle & Pandey (in preparation)]
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where P = ng Zg/ne is the Havnes parameter.
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we see that the MRI field is sub-equipartition, satisfying

B
MRI
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which is constant for a given ↵, and where the alfvén speed
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Large-scale fields acting through disk winds and jets
may also drive angular momentum transport and have been
studied in the context of protoplanetary disks (e.g., War-
dle & Königl 1993; Shu et al. 1994; Bai & Stone 2013).
Magnetically-driven outflows have also been proposed for
circumplanetary disks (Quillen & Trilling 1998; Fendt 2003;
Machida et al. 2006; Adams 2011). If a vertical field drives
the inflow the field strength must be at least (Wardle 2007)
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5 MAGNETIC COUPLING

We are now in a position to calculate the level of magnetic
di↵usivity within the disk to identify which regions of the
disk are subject to magnetically driven transport. A mini-
mum level of interaction between the disk and the magnetic
field is needed for magnetically controlled accretion.

Collisions disrupt the gyromotion of charged species
around the magnetic field. Collisions between the electrons,
ions, and neutrals occur at a rate ⌫ij (for colliding species i
with j), with (Pandey & Wardle 2008)
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where ⇢n = ⇢� (⇢i + ⇢e), and nn = mn⇢n are the mass and
number density of neutral particles, respectively. Electron–
ions collisions are the dominant source of drag in the highly
ionised inner region, however neutral drag dominates across
the remainder of the disk. The Hall parameter for a species
j, �j , quantifies the relative strength of magnetic forces and
neutral drag. It is the ratio of the gyrofrequency to the neu-
tral collision frequency (Wardle 2007),

�j =
|Zj |eB
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. (45)

The Hall parameter is large, �j � 1, when magnetic forces
dominate the equation of motion, and small, �j ⌧ 1, when
neutral drag decouples the motion from the field.

The Hall parameters for ions, electrons, and grains are
(Wardle 1998, 2007)
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Ions and grains, being the more massive particles, have
a lower gyrofrequency, and hence a lower Hall parameter.
Thus, neutral collision are more e↵ective at decoupling ions
and grains than electrons. This leads to three regimes, ac-
cording to the neutral density: (a) Ohmic regime, high den-
sity: electron–ion or neutral collisions are so frequent as
to decouple both electrons and ions (i.e., �i ⌧ �e ⌧ 1).
(b) Hall regime, intermediate density: neutral collisions de-
couple ions, but the electrons remain tied to the field (i.e.,
�i ⌧ 1 ⌧ �e). (c) Ambipolar regime, low density: both the
ions and electrons are coupled to the magnetic field, and
drift through the neutrals. (i.e., 1 ⌧ �i ⌧ �e).

In each regime collisions produce magnetic di↵usivity
which a↵ects the evolution of the magnetic field through
the induction equation:
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= r(v ⇥B)�r⇥ [⌘O(r⇥B) + ⌘H(r⇥B)⇥ B̂]

�r⇥ [⌘A(r⇥B)?], (49)

where v is the velocity of fluid. The Ohmic (⌘O), Hall (⌘H),
and Ambipolar di↵usivities (⌘A) are [Pandey &Wardle 2008,
Wardle & Pandey (in preparation)]

⌘O =
mec

2

4⇡e2ne
(⌫

en

+ ⌫
ei

)

⇡ 1.9⇥ 1017cm2 s�1

"✓
T

103 K

◆ 1
2 ⇣ ne

10 cm�3

⌘�1

⇥

✓
10�9 g cm�3

⇢

◆
+ 2.4⇥ 10�9

✓
T

103 K

◆� 3
2

#
,(50)

⌘H =
cB

4⇡ene

✓
1 + �2

g � �2

i P

1 + (�g + �iP )2

◆

⇡ 5.0⇥ 1017 cm2 s�1

✓
B

1G

◆⇣ ne

10 cm�3

⌘�1

⇥

✓
1 + �2

g � �2

i P

1 + (�g + �iP )2

◆
, (51)

⌘A =

✓
B2

4⇡⇢i⌫ni

◆✓
⇢n
⇢

◆
2

✓
1 + �2

g + (1 + �i�g)P

1 + (�g + �iP )2

◆

⇡ 6.0⇥ 1016 cm2 s�1

✓
B

1G

◆
2

✓
⇢n
⇢

◆
2 ⇣ ni

10 cm�3

⌘�1

⇥

✓
⇢

10�9 g cm�3

◆�1

✓
1 + �2

g + (1 + �i�g)P

1 + (�g + �iP )2

◆
(52)

where P = ng Zg/ne is the Havnes parameter.
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we see that the MRI field is sub-equipartition, satisfying

B
MRI

B
eq

=
va

p

2cs
=

p

2↵ (39)

which is constant for a given ↵, and where the alfvén speed
is
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Large-scale fields acting through disk winds and jets
may also drive angular momentum transport and have been
studied in the context of protoplanetary disks (e.g., War-
dle & Königl 1993; Shu et al. 1994; Bai & Stone 2013).
Magnetically-driven outflows have also been proposed for
circumplanetary disks (Quillen & Trilling 1998; Fendt 2003;
Machida et al. 2006; Adams 2011). If a vertical field drives
the inflow the field strength must be at least (Wardle 2007)
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5 MAGNETIC COUPLING

We are now in a position to calculate the level of magnetic
di↵usivity within the disk to identify which regions of the
disk are subject to magnetically driven transport. A mini-
mum level of interaction between the disk and the magnetic
field is needed for magnetically controlled accretion.

Collisions disrupt the gyromotion of charged species
around the magnetic field. Collisions between the electrons,
ions, and neutrals occur at a rate ⌫ij (for colliding species i
with j), with (Pandey & Wardle 2008)
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where ⇢n = ⇢� (⇢i + ⇢e), and nn = mn⇢n are the mass and
number density of neutral particles, respectively. Electron–
ions collisions are the dominant source of drag in the highly
ionised inner region, however neutral drag dominates across
the remainder of the disk. The Hall parameter for a species
j, �j , quantifies the relative strength of magnetic forces and
neutral drag. It is the ratio of the gyrofrequency to the neu-
tral collision frequency (Wardle 2007),
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. (45)

The Hall parameter is large, �j � 1, when magnetic forces
dominate the equation of motion, and small, �j ⌧ 1, when
neutral drag decouples the motion from the field.

The Hall parameters for ions, electrons, and grains are
(Wardle 1998, 2007)
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Ions and grains, being the more massive particles, have
a lower gyrofrequency, and hence a lower Hall parameter.
Thus, neutral collision are more e↵ective at decoupling ions
and grains than electrons. This leads to three regimes, ac-
cording to the neutral density: (a) Ohmic regime, high den-
sity: electron–ion or neutral collisions are so frequent as
to decouple both electrons and ions (i.e., �i ⌧ �e ⌧ 1).
(b) Hall regime, intermediate density: neutral collisions de-
couple ions, but the electrons remain tied to the field (i.e.,
�i ⌧ 1 ⌧ �e). (c) Ambipolar regime, low density: both the
ions and electrons are coupled to the magnetic field, and
drift through the neutrals. (i.e., 1 ⌧ �i ⌧ �e).

In each regime collisions produce magnetic di↵usivity
which a↵ects the evolution of the magnetic field through
the induction equation:

@B
@t

= r(v ⇥B)�r⇥ [⌘O(r⇥B) + ⌘H(r⇥B)⇥ B̂]
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where v is the velocity of fluid. The Ohmic (⌘O), Hall (⌘H),
and Ambipolar di↵usivities (⌘A) are [Pandey &Wardle 2008,
Wardle & Pandey (in preparation)]
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where P = ng Zg/ne is the Havnes parameter.
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we see that the MRI field is sub-equipartition, satisfying

B
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which is constant for a given ↵, and where the alfvén speed
is
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Large-scale fields acting through disk winds and jets
may also drive angular momentum transport and have been
studied in the context of protoplanetary disks (e.g., War-
dle & Königl 1993; Shu et al. 1994; Bai & Stone 2013).
Magnetically-driven outflows have also been proposed for
circumplanetary disks (Quillen & Trilling 1998; Fendt 2003;
Machida et al. 2006; Adams 2011). If a vertical field drives
the inflow the field strength must be at least (Wardle 2007)
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5 MAGNETIC COUPLING

We are now in a position to calculate the level of magnetic
di↵usivity within the disk to identify which regions of the
disk are subject to magnetically driven transport. A mini-
mum level of interaction between the disk and the magnetic
field is needed for magnetically controlled accretion.

Collisions disrupt the gyromotion of charged species
around the magnetic field. Collisions between the electrons,
ions, and neutrals occur at a rate ⌫ij (for colliding species i
with j), with (Pandey & Wardle 2008)
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where ⇢n = ⇢� (⇢i + ⇢e), and nn = mn⇢n are the mass and
number density of neutral particles, respectively. Electron–
ions collisions are the dominant source of drag in the highly
ionised inner region, however neutral drag dominates across
the remainder of the disk. The Hall parameter for a species
j, �j , quantifies the relative strength of magnetic forces and
neutral drag. It is the ratio of the gyrofrequency to the neu-
tral collision frequency (Wardle 2007),
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The Hall parameter is large, �j � 1, when magnetic forces
dominate the equation of motion, and small, �j ⌧ 1, when
neutral drag decouples the motion from the field.

The Hall parameters for ions, electrons, and grains are
(Wardle 1998, 2007)
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Ions and grains, being the more massive particles, have
a lower gyrofrequency, and hence a lower Hall parameter.
Thus, neutral collision are more e↵ective at decoupling ions
and grains than electrons. This leads to three regimes, ac-
cording to the neutral density: (a) Ohmic regime, high den-
sity: electron–ion or neutral collisions are so frequent as
to decouple both electrons and ions (i.e., �i ⌧ �e ⌧ 1).
(b) Hall regime, intermediate density: neutral collisions de-
couple ions, but the electrons remain tied to the field (i.e.,
�i ⌧ 1 ⌧ �e). (c) Ambipolar regime, low density: both the
ions and electrons are coupled to the magnetic field, and
drift through the neutrals. (i.e., 1 ⌧ �i ⌧ �e).

In each regime collisions produce magnetic di↵usivity
which a↵ects the evolution of the magnetic field through
the induction equation:
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where v is the velocity of fluid. The Ohmic (⌘O), Hall (⌘H),
and Ambipolar di↵usivities (⌘A) are [Pandey &Wardle 2008,
Wardle & Pandey (in preparation)]
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where P = ng Zg/ne is the Havnes parameter.
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Diffusivity
α
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α MRI

Not self-consistent

Accreting r < 30 RJ

T> 103 K

No accretion!

Self-consistent requires 
three distinct accretion 

regimes



Conclusion
• Magnetically driven accretion requires T~800K 

across 80% of disk, as thermal ionisation is key.	



• Disk is massive with M~0.5MJ	



• Accretion occurs in three different modes - 
saturated, marginally coupled, and gravitoturbulence. 	



• Similar results for transport by a Vertical field 	



• First circumplanetary disk model to include 
transport with imperfect magnetic coupling. 


