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• Helioseismic observations show that the radiative zone rotates 
uniformly with both latitude and radius. 

• The convection zone has strong differential rotation with latitudes and 
almost uniform rotation with radius.



• Observed differential rotation profile

Thompson et al. 2003



Linear shallow water MHD equations in rotating frame   





Let us first consider 2D case neglecting h



We define a new function   









The first condition states that the instability takes place when  

The second condition implies Howard semicircle theorem  



After some algebra  



The Equations are two necessary conditions of instability. They 
define two different semicircles in the complex ω-plane, and the 
instability occurs when the two semicircles overlap (see Hughes & 
Tobias 2001 for the same statement in the rectangular case). If the 
radius of one semicircle tends to zero, the instability disappears. 



We use an unperturbed toroidal magnetic field, which changes sign 
at the equator and vanish at poles (Gilman and Fox 1997)  
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the minimum period of the m=1 unstable mode is

Therefore only the magnetic Rossby modes with periods longer than 
105 days may grow in time.

However, it only gives lower bound on the periods of unstable modes. 

A more detailed analysis is required to reveal the spectrum of 
unstable harmonics.



We expand Ψ and Φ in infinite series of associated Legendre polynomials

which satisfy the boundary conditions Ψ=Φ=0 at µ=±1. 

Using a recurrence relation of Legendre polynomials,  

we obtain algebraic equations as infinite series.

The dispersion relation for the infinite number of harmonics can be 
obtained when the infinite determinant of the system is set to zero. 



In order to solve the determinant, we truncate the series at n = 75 and 
solve the resulting polynomial in ω numerically. The frequencies of 
different harmonics can be real or complex giving the stable or unstable 
character of a particular harmonic. 

Blue – 2×103 G, 
green - 6×103 G,   
yellow - 2×104 G,  
red - 4×104 G.

mcr =0.18 
corresponds to 
the period of 
150 days.

Zaqarashvili et al. 2010a



Dark blue, green, red, blue, magenta and yellow colors correspond to 
0.14, 0.13, 0.12, 0.11, 0.1 and 0.09 s2  respectively.
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• Each combination of the differential rotation parameters (s2 ,s4) and the 
magnetic field strength favors a particular harmonic, which has stronger 
growth rate compared to other unstable harmonics. 

• Therefore, this harmonic may quickly dominate over the others and may 
lead to a detectable oscillation. 

• Frequencies of symmetric unstable modes are in the range 0.16–0.18 
Ω0, which yield the periods of 150– 170 days. 

• Variation of differential rotation rate and the magnetic field strength 
through the solar cycle and from cycle to cycle may lead to the 
appearance of the periodicity only at particular times, which normally 
coincides to the cycle maxima.





Now let us take layer thickness to be finite. Then after repeating of the 
same procedure we have the similar results 

Zaqarashvili et al. 2010b

Yellow-2×103 G, magenta-2×104 G, blue-6×104 G, green-8×104 G, dark 
blue-105 G, red-2×105 G. Asterisks (circles) denote the symmetric 
(antisymmetric) harmonics with respect to the equator. 



The unstable harmonics are mostly symmetric (asterisks) with respect to 
the equator for a magnetic field strength <104 G. 

They become mostly antisymmetric (circles) for a strength >105 G.  

A magnetic field strength between 104 and 105 G yields unstable 
harmonics for both symmetries.  

Equipartition between the magnetic energy and the kinetic energy of 
differential rotation occurs at ∼5 × 104 G for s2 = s4 = 0.11.  

When the magnetic field strength is smaller, then the differential rotation 
is the main energy source for instability and this obviously yields the 
symmetric harmonics as the differential rotation is symmetric around the 
equator.  

When the magnetic field is stronger, then the magnetic energy is the 
main source for the instability and the unstable harmonics are 
antisymmetric as the magnetic field is antisymmetric with respect to the 
equator. 



Asterisks (circles) denote symmetric (antisymmetric) harmonics. 
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The oscillation period does not depend significantly on the reduced gravity. 
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Period depends on the differential rotation parameters significantly and 
takes the values between 400 and 700 days. The period becomes shorter for 
stronger differential rotation. 
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• The frequencies and growth rates of unstable harmonics depend on the 
combination of the differential rotation parameters and the magnetic 
field strength. 

• The unstable harmonics are either symmetric or anti-symmetric with 
respect to the equator.  

• The latitudinal differential rotation is mainly responsible for the growth 
of symmetric harmonics. 

• The anti-symmetric toroidal magnetic field favors the growth of anti-
symmetric harmonics. 

• A magnetic field with a strength of 104 G leads to the oscillations with 
shorter periods (150-170 days). 

•  A stronger magnetic field of  105 G leads to the oscillations with longer 
periods (1-2.5 yrs).


