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Coupled Hydromagnetic Wave Excitation and Ion Acceleration
Upstream of the Earth’s Bow Shock

MARTIN A, LEE
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A self-consistent theory is presented for the excitation of hydromagnetic waves and the acceleration
of ‘diffuse’ ions upstream of the earth’s bow shock in the quasi-equilibrinm that results when the solar
wind velocity and the interplanetary magnetic field are nearly parallel. For the waves the quasi-
equilibrium results from a batance between excitation by the ions, which stream relative to the solar
wind plasma, and convective loss to the magnetosheath. For the diffuse ions the quasi-equilibrium
results from a balance between injection at the shock front, confinement to the foreshock by pitch
angle scattering on the waves, acceleration by compression at the shock front, loss to the
magnetosheath, loss due to escape upstream of the foreshock, and loss via diffusion perpendicular to
the average magnetic field onto field lines that do not connect to the shock front. Diffusion equations
describing the ion transport and wave Kinetic equations describing the hydromagnetic wave transport
are solved self-consistently to yield analytical expressions for the differential wave intensity spectrum
as a function of frequency and distance from the bow shock z and for the ion omnidirectional
distribution functions and anisotropies as functions of energy and z. In quantitative agreement with
observations, the theory predicts (1) exponential ion spectra at the bow shock in energy per charge, (2)
a decrease in intensity and hardening of the ion spectra with increasing 2z, (3) a 30-keV proton
anisotropy parallel to z increasing from —0 28 at the bow shock to +0.51 as z — = (4) a linearly
polarized wave intensity spectrum with a minimum at ~6 X 1072 Hz and a maximum at ~2-3 x 102
Hz, (5) a decrease in the wave intensity spectrum with increasing z, (6) a total energy density in

protons with energies >15 keV about cight times that in the hydromagnetic waves

1. INTRODUCTION

One of the outstanding problems in solar-terrestrial phys-
ics is the structure of the earth’s foreshock, that region
upstream of, and magneticaily connected to, the earth’s bow
shock. It is a region rich in particle and wave phenomena, all
intrinsic to the structure of the collisioniess bow shock.

Of primary importance among the foreshock constituents
are the energetic ions {3200 keV/charge) and hydromagnet-
ic waves (5 x 1073~10"! Hz as measured in the spacecraft
frame) which, apart from the bulk motion of the solar wind,
energetically dominate that portion of the foreshock accessi-
ble to the ions. The ions are generally observed either as a
‘reflected” component (3—-10 keV/charge), a collimated beam
propagating along the interplanetary magnetic field away
from the bow shock, or as a ‘diffuse’ component (3-200 keV/
charge) a nearly isotropic distribution in the frame of the
spacecraft Occasionally the two components are observed
together as an ‘intermediate” ion distribution.

The intermediate ion distribution is always associated with
transverse large-amplitude hydromagnetic waves that are
predominantly noncompressive, left-hand circularly polar-
ized in the spacecraft frame, and nearly monochromatic.
Relative to the solar wind they propagate upstream only 1o
be convected back toward the bow shock in the spacecraft
frame . The diffuse ion distribution is also always observed in
association with large-amplitude hydromagnetic waves.
These waves, however, are more complex, They exhibit a
broader frequency spectrum and substantial compression
that leads to cresting and the formation of ‘shocklets.” The
waves are never observed either in association with the
reflected component or unaccompanied by energetic ions
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The hydromagnetic waves were first reported and dis-
cussed by Greenstadt et al. [1968} by using Vela 3A data and
Fairfield [1969] by using Expiorer 34 data. The reflected ions
were first detected by Asbridge er al. [1968] based on Vela
observations, and the diffuse ions by Lin et al. {1974} based
on imp 6 data, although the clear distinction between these
two populations was first recognized by Gosling et al.
[1978]. More recently the observational study of the up-
stream ions and hydromagnetic waves has been a major goal
of the ISEE mission. The result has been extensive and
detailed observations of their behavior. The more general
results from the ISEE mission on upstream particles and
waves, including electrons and plasma waves at higher
frequencies, have been presented in a special issue of the
Journal of Geophysical Research (86, 4317-4536, 1981).

Early theoretical work [Sonnerup, 1969] indicated that the
reflected component could in principle be produced by
reflecting solar wind ions at the shock front such that the
interaction is elastic in that frame moving along the shock
front in which the upstream solar wind velocity is parallel to
the magnetic field Barnes [1970] predicted that the reflected
ions would excite hydromagnetic waves that are right-hand
circularly polarized and propagate upstream in the frame of
the solar wind as observed (the sense of circular polarization
is opposite in the solar wind and spacecraft frames since the
solar wind speed is greater than the wave phase speed).

The waves should disrupt the reflected component by
scattering the ions in pitch angle and thereby create the
diffuse component. Recent work, which we address momen-
tarily, has established that the scattered ions may return to
the bow shock and be further accelerated via compression
between the upstream waves and the shock front or between
the upstream waves and the downsiream magnetosheath
turbulence. The result is the shock acceleration of energetic
ions confined to the foreshock by the same waves which
they excite.
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‘Thus the upstream energetic ions and hydromagnetic
waves provide an excellent space laboratory to study shock
acceleration, the development of hydromagnetic turbulence,
and the quasilinear and nonlinear wave-particle interaction.
The existence of the space laboratory and extensive mea-
surements within it by the ISEE mission is fortunate in view
of the established importance of wave-particle processes in
accelerating energetic particles on the sun and in interplane-

tary space and their presumed importance in the origins of

cosmic rays. A problem common to most theories of shock
acceleration is the origin of the scattering upstream turbu-
lence. The hydromagnetic waves upstream of the earth’'s
how shock offer convincing evidence, which may be evaluat-
ed quantitatively, that the required upstream turbulence can
be excited by the accelerated particles themselves.

In spite of the astrophysical promise, excellent observa-
tions, and their obvious importance, theoretical efforts to

date have not come to grips with the coupled behavior of

upstream ions and hydromagnetic waves. Barnes [1970] and,
more recently, Fredericks [1975], Gary et al. [1981], and
Sentman et al. [1981b] have calculated instability rates of the
hydromagnetic waves, given the observed ion distributions.
Others have treated the ion transport and acceleration, given
the spatial diffusion coefficients arising from particle scatter-
ing in the upstream waves. Under various ad hoc assump-
tions on the form of thé diffusion coefficient for transport
parallel to the magnetic field, Terasawa [1979, 1981}, Lee et
al. [1981], Forman [1981], and Ellison [1981] have all ob-
tained results in agreement with the observations of the
energy spectra and anisotropy of the diffuse component.
Eichler [1981] found that the observed exponential form of
the ion energy spectra near the bow shock could be ex-
plained independent of the form of the wave intensity
spectrum by invoking diffusive transport normal to the
magnetic field and lateral free-cscape along field lines not
connected to the bow shock. All of these calculations are
linear and cannot address the coupled behavior of the ions
and waves.

We present for the first time a theory, albeit simplified, for
the coupled behavior of the hydromagnetic waves and
diffuse ions in the quasi-equilibrium that results when the
magnetic field is nearly parallel to the solar wind velocity.
The mathematical method is based on a formalism developed
by Skilling [1975], which was recognized to be important in
the theory of shock acceleration by Bell [1978] Diffuse ion
transport is described by diffusion equations, wave transport
is described by wave kinetic equations, and the diffusion
coefficients and wave growth rates are determined by quasi-
linear theory. Diffusion theory, which includes information
on only the first two moments of each ion phase-space
distribution function, is sufficiently simple both to embrace
the spatial dependence and nonlinear behavior intrinsic to
the problem and to yield an analytical solution. In spite of its
simplicity, the theory yields ion and wave spectra in agree-
ment with the extensive ISEE observations. In most cases
the agreement is quantitatively good.

In section 2 we review the observations of upstream ions
and hydromagnetic waves that motivate the scenario and
model described in section 3. In sections 4 and 5 we present
the ion transport equations and wave kinetic equations,
respectively, and their solutions. In section 6 we present a
detailed comparison of the solutions with the observations
1n section 7 we summarize the theory, bring attention to its
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limitations, and suggest further work. The appen&ix presents
the basic results utilized from quasilinear theory.

2 SuMMARY OF OBSERVATIONS

In this section we briefly summarize the observations of
the energetic ions and hydromagnetic waves upstream of the
earth’s bow shock. The most detailed measurements have
been made by instruments aboard the ISEE 1 and ISEE 2
satellites, whose orbits extend ~8 Rg upstream of the bow
shock, and ISEE 3 in orbit about the sun-earth libration
point ~200 Rg upstream, We concentrate on those measure-
ments and follow in most part the review by Gosling et al
[1975] and the paper by Hoppe et al [1981].

The properties of the upstream ions hiave been thoroughly
investigated [e g., Anderson, 1979; Ipavich et al., 1981a;
Paschmann et al., 1981; Sentman et al., 198ta,; Eastman et
al., 1981; Bonifazi and Moreno, 1981; Sanderson et af ,
1981a; Stevens and van Rooijen, 1981a]. They are of two
types: (1) The ‘reflected’ (R) ions are highly anisotropic. In
the frame of the solar wind they stream along the magnetic
field away from the bow shock. (2) The ‘diffuse’ (D) ions are
approximately isotropic in the frame of the spacecraft near
the bow shock. The two populations seldom coexist, al-
though occasionally ions of an ‘intermediate’ nature are
observed [Paschmann et al., 1979}, Each population has a
number density ~ 1% that of the solar wind. The particles are
observed only when the spacecraft is magnetically connect-
ed with the bow shock as first suggested by Lin et al. [1974]
The particle intensity measurements show a characteristic
‘on-off” pattern as the magnetic field direction varies and the
particle guiding center trajectory in the interplanetary mag-
netic and electric fields passing through the spacecraft
alternately connects and disconnects with the shock front.

The reflected ions extend from solar wind energies up to
several keV with a peak intensity generaily at ~4-5 keV and
a steep decay beyond [Gosling et al., 1978] Occasionally,
however, the reflected ions are observed with energies as
high as ~65 keV [Scholer et al., 19814]. They are generally
observed in bursts ranging from 1 or 2 min duration to an
hour

The diffuse ions extend from solar wind energies up to
100200 keV, also with a peak at abotit 4-5 keV Beyond
about 30 keV they exhibit differential intensity spectra that
are exponential in energy [Ipavich et al., 1979, 1981a]. They
are observed to have approximately solar wind composition
and are best organized in terms of energy per charge (E/Q)—
that is, the composition is nearly independent of E/Q. In a
survey of 33 diffuse ion events, Ipavich et al [1981a] found
the differential intensity ratio of helium to proions at a given
E/Q to vary from 1% to 15% with a mean of ~7% The
exponential spectra exhibit a range of e folding values of E/Q
from 15 keV/Q to 25 keV/Q. In contrast with the R popula-
tion, the diffuse ions are generally observed to endure for
hours with relatively constant intensity to within a factor of 2
or 3 and thus exhibit a ‘plateau’ in a plot of logarithmic
intensity versus time, The approach to the ‘plateau’ follow-
ing a disconnected configuration requires less time for 30
keV particles (~10 min) than for 100-keV particles (~50
min), which therefore show less pronounced ‘plateaus’ [[pa-
vich et al., 1981al. The typical energy density in diffuse
protons with energies greater than 15 keV is 200 eV cm™
[Ipavich et al., 1981b]

The diffase ions extend from the bow shock out to ~200
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R where they are observed at ISEE 3 only occasionally due
to the low probability of magnetic connection to the bow
shock [Scholer et al., 1980b, Sanderson et al., 1981a] They
are also observed in the magnetosheath and often appear to
be continuous in intensity across the bow shock [Asbridge et
al , 1978}, There are, however, also bow shock crossings
during which the diffuse ion intensity changes abruptly
[Scholer et al., 1979). An investigation of 33 proton events
observed by ISEE 1 at 30 keV reveals an average spatial
decay away from the bow shock upstream with an ¢ folding
decay length of ~7 Rg [fpavich et al., 1981a]. The intensity
observed at ISEE 3 is expectedly lower than that observed in
the vicinity of the bow shock. [on intensities at 30(65) keV/Q
are reduced by a factor 4-15 (1 6-5) so that the spectra are
harder at ~200 Rg [Scholer et ai, 1981b]. But the ions
observed at ISEE 3 at diffuse ion energies are no longer
diffuse; they are observed to stream along the magnetic field
away from the bow shock with a hemispherical distribution
in solid angle [Scholer et al., 19805]. Similar behavior is also
observed on IMP 8 at ~25 R [Sanderson et al , 1981¢).

In the spacecraft frame the anisotropy of 30 keV diffuse
protons increases from a negative value ~~—0 23 at the bow
shock (indicating a flux toward the earth) through zero at
about 6 Rg Beyond & R the anisotropy increases further
(indicating a flux toward the sun) to the large positive values
observed at ISEE 3 [Ipavich et al , 1980].

The diffuse and intermediate ion distributions are always
observed in association with large-amplitude (5Bl ~ |B|)
hydromagnetic waves with frequencies in the spacecraft
frame in the range 5 x 107°-10"! Hz. The waves are never
observed in the presence of the R component or unaccompa-
nied by upstream ions. The waves have been discussed in a
review by Formisano [1979].

In association with the intermediate ions the hydromag-
netic waves are predominantly transverse, noncompressive,
and nearly monochromatic with peak power at about 0.03
Hz. The wave vectors k are determined by a minimum
variance analysis {Hoppe et al., 1981] and generally lie
within a cone of apex half angle 45° about the direction of the
magnetic field. The field fluctuation magnitude |8B| is gener-
ally a few times larger than SIB] with larger compression for
larger values of ¢ where cos ¢ = k- B(kB)™' (M. M. Hoppe
and C. T. Russell, private communication, 1981). The time
delay between the detection of wave crests at ISEE 1 and
ISEE 2 is consistent with their propagating at the Alfvén
speed upstream with respect to the solar wind [Hoppe et al.,
1981]. The waves are observed to be predominantly left-
hand circularly polarized in the spacecraft frame. Since they
are convected back toward the bow shock by the solar wind,
however, the waves are right-hand circularly polarized in the
frame of the solar wind [Fairfield, 1969; Hoppe et al. 1931].

In association with the diffuse ions the hydromagnetic
waves are more compiex They are compressive, with large
fluctuations in the magnetic field strength and the solar wind
number density, and exhibit a broad frequency spectrum
with peak power also at about .03 Hz. The wave fronts have
crested, leading to the formation of ‘shocklets’ and contrib-
uting to the broad frequency spectrum. Here again, the
observed time delays between wave crest arrivals at ISEE 1
and ISEE 2 are consistent with propagation at approximately
the Alfvén speed upstream relative to the solar wind The
polarization of the ‘shocklets’ is typically linear, but both
tight- and left-handed rotations are also observed [Hoppe et

al., 1981}, Comparison of the wave intensities observed on
ISEE 2 and IMP 8 for the same event indicate that the
hydromagnetic waves attenuate with distance from the bow
shock {Hoppe et al., 1981]. Hydromagnetic wave activity is
virtually absent at ISEE 3 at ~200 Rg from the bow shock.
However, the waves were observed in association with one
diffuse ion event of smaller anisotropy than usual when
ISEE 3 was only 80 Rz from the bow shock [Sanderson et
al., 19814]. :

Both the hydromagnetic waves and the upstream ions are
corretated with the orientation of the interplanetary magnet-
ic field. Greenstadt [1976] demonstrated that the waves are
present only when the angle ' between the field and the
shock normal is less than about 45°. By virtue of their close
association the correlation holds for the diffuse ions as well,
Conversely, the R component is only present when & = 45°.
However, Scholer et al. [1980al argue that the more funda-
mental correlation for the ions and waves is with the angle 8
between the field and the solar wind velocity, or equivalent-
ly, with the connection time of the field line with the bow
shock. Observation of 60-keV (120 keV) protons requires 4
=< 40° (8 < 20°). The corretation with & arises because the
shock normal is nearly parallel to the solar wind velocity
over the nose of the bow shock.,

3, A Scenario AND A MoDEL

As discussed in part in the introduction, the observations
described in section 2 can be accounted for by the following
scenario:

When a field line first connects to the bow shock acceler-
ated ions stream upstream to create the reflected (R) compo-
nent either by direct reflection of solar wind ions at the
shock front [Hudson, 1965; Sonnerup, 1969] or by leakage
from the downstream ‘shock-heated’ solar wind [Ellison,
1981; Edmiston et al., 1982). The observed energies of the R
component are consistent with either the former [Pasch-
mann et al., 1980} or the latter [Edmiston et al., 1982]
acceleration process. Since the reflected ions stream up-
stream relative to the solar wind at a velocity necessarily
greater than that of the solar wind V, the beam is subject to
the hydromagnetic streaming instability, the threshold of
which is the Alfvén speed, V4 (= 01 V at | AU). The
impottance of this instability in the foreshock region was
suggested by Fairfield [1969)] and has been treated theoreti-
cally in this context by Barnes [1970]}, Gary et al {1981}, and
Sentman et al [1981b] The same instability has been
studied extensively for its potential role in limiting the
anisotropy of galactic cosmic rays [Lerche, 1967; Wentzel,
1968; Kulsrud and Pearce, 1969; Tademaru, 1969; Lee, 1972;
Skilling, 1975].

The result is the growth of hydromagnetic waves that
propagate upstream and tend to be right-hand circularty
polarized in the frame of the solar wind as observed in the
presence of intermediate ion distributions that characterize
this stage of the field line evolution [Fairfield, 1969; Hoppe
et al., 1981]. The growth of the waves is accompanied by
scattering of the ions in pitch angle, driving the initially
beamed ion distribution toward isotropy and reducing the
wave growth rate. Since the scattering is approximately
elastic in the frame of the solar wind, particles which are
scattered back towards the bow shock gain considerable
energy in the frame of the bow shock. They may again reflect
from the shock front or the downstream magnetosheath
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turbulence and again scatter in the upstream waves so that
the process may be repeated. The resulting ‘first-order
Fermi acceleration® due to the compression of the solar wind
at the bow shock and the coupling of the upstream ions to
that compression via scattering and reflection at the shock
front accelerates the R component into the diffuse (D)
component. This general process is similar to that which
occurs at interplanetary travelling shocks [Fisk, 1971] and at
the forward and reverse shocks bounding corotating interac-
tion regions in the solar wind {Axford et al., 1977; Fisk and
Lee, 1980].

Accordingly, as argued by Bame et al. [1980], the R
component is the ‘seed’ population for the D component
lons continue either to be reflected out of the solar wind at
the bow shock or to escape from the downstream magneto-
sheath as the field line convects further along the shock
front, but they are immediately scattered upstream of the
shock front by the waves present and therefore not observed
as a separate component in the presence of the diffuse ions.
The diffuse jons are observed to be nearly isotropic in the
spacecraft frame, which implies that they stream upstream
relative to the solar wind at approximately the solar wind
speed. They continue, therefore, to excite hydromagnetic
waves, which continue to scatter the ions and keep them
confined near the shock for further acceleration and wave
excitation. The diffuse ions and hydromagnetic waves there-
fore exhibit a symbiotic relationship, each dependent on the
other for its existence

As the field line convects off the nose of the bow shock
(radius = 10 Rg) the acceleration process becomes less
efficient for two reasons: (1) the compression at the bow
shock decreases and (2) because (# - BY|B| > (7 - V)/V,
where 7 is the unit normal to the shock front and B is the
ambient interplanetary magnetic field, ions reflected at the
shock front out of the solar wind actually lose energy in the
frame of the bow shock, thus lowering the energy of the seed
population. Wave and particle activity then decreases.

The proposed evolution requires sufficient time to gener-
ate the waves and accelerate the ions up to the observed
energies of = 100 keV. If the angle @ between B and V is
larger than about 50°, only the R component is observed. For
6 = 45° the D component is observed exclusively, implying
that the time required (~20 Rg'V tan 8} to generate the
diffuse ions is roughly 5 min. Angles 6 < 20° are required to
observe diffuse ions at energies of ~ 120 keV [Scholer er al.
1980a] implying that acceleration to the highest energies
requires roughly 14 min. The fact that more time is required
to accelerate ions to higher energies evidently explains the
inverse velocity dispersion observed [e.g., Ipavich er al.,
19814] as a field line slowly rotates to smaller values of @

For & = 20° a quasi-equilibrium can evidently develop.
lons are continually reflected out of the solar wind at the
shock front or escape from the magnetosheath and are
‘injected’ into the foreshock region with a range of energies
of about 4-5 keV/nucleon. The injection at low energy is
balanced by ion losses at higher energies into the down-
stream magnetosheath, upstream beyond the foreshock re-
gion, and via scattering normal to B onto field lines that are
not connected to the nose of the bow shock Hydromagnetic
waves are continually excited by the ions and propagate
upstream in the solar wind but are convected back into the
bow shock and lost to the magnetosheath. The conditions at
the bow shock (e g., compression) vary sufficiently slowly as
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the field line convects along the curved shock front that the
accelerated particles remain in quasi-equilibrium with these
conditions at each point. The subject of this paper is a
theoretical description of the quasi-equilibrium, of which the
observed ‘plateaus’ are evidently a manifestation

The diffuse upstream ions, as their name implies, are
adequately described by diffusion theory, which requires
that the particle scatitering mean free path be small in
comparison with the spatial scalelength of the ion distribu-
tions, The hydromagnetic waves are described by wave
kinetic equations The wave-particle interaction is assumed
to be adequately described by quasilinear theory with minor
corrections .

The streaming instability favors the growth of hydromag-
netic waves with wave vectors k within about 30° of B
[Tademaru, 1969] as observed [Hoppe et al , 1981]: The
growth rate of the Alfvén mode (left-hand circularly polar-
ized when k,B) decreases rapidly for ¢ = 30° The growth
rate of the magnetosonic mode (right-hand circularly polar-
ized when k,B) is relatively insensitive to #, but Landau
damping increases with increasing Accordingly, we take
all waves to propagate parallel or antiparallel to B We
thereby preclude addressing the compressive nature of the
upstream hydromagnetic waves observed in association with
the diffuse ions However, the compressive nature of the
waves appears to be due partially to their large amplitude
and in any case not essential to their interaction with the
upstream ions This supposition is supported by the observa-
tion that the waves are noncompressive in association with
the intermediate ion distribution, z state characteristic of a
smaller connection time of the field line to the shock front
before nonlinear effects have substantially modified the
wave intensity spectrum

4. THE DiFrUsE UpSTREAM [oN TRANSPORT EqQuaTtioN

Under the restriction that V < v, where vis particle speed,
the ion transport equation relevant to the quasi-equilibrium
outlined in section 3 is
] af af
_(Kns_s) + VJ. ' KJ.S ' vJ.fs +V .

az a8z 0z 0 M
where z is pathlength parallel or antiparaliel to B measured
upstream from the bow shock at z = 0, fi(x, y, z, v) is the
omnidirectional distribution function of ion species s, K, ; is
the spatial diffusion coefficient parallel to B, K L5 18 the
spatial diffusion tensor perpendicular to B, and V, = ¢,8/ax
+ €,8/dy. There are no derivatives with respect to momen-
tum in (1} since the solar wind is divergenceless over the
scale of the upstream ions. Technically, equation (1) applies
in the frame in which the electric field vanishes: V x B = 0.
However, since we consider only the case in which B and V
are nearly parallel in the frame of the bow shock (or
spacecraft), the transformation speed between the two
frames is much less than V and the distinction between the
two frames is irrelevant. Equation (1) neglects statistical
acceleration by the upstream waves that can occur when
waves propagate in both directions along the field That
acceleration process is second order in V,/v where V,, is the
Alfvén speed defined by V> = B¥45E,m,n,, and m, and n,
are the mass and number density of solar wind species s.
Since V4 = 0.1 V in the solar wind at 1 AU and shock
acceleration is first order in V/u, statistical acceleration
should play a negligible role in accelerating upstream ions.
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Perpendicular diffusion provides access of the upstream
ions to field lines that do not connect to the bow shock along
which the ions can rapidly escape. Such unconnected field
lines provide a lateral ‘frec-escape’ boundary, a point
stressed by Eichler [1981). For simplicity we consider a flux
tube of circular cross section and radius a, the field lines on
the surface of which afford free escape: f.(x? + y? = 2% = 0.
Assuming cylindrical symmetry about the axial field line and
neglecting the possible dependence of K., on r = (&2 +
VI, ¥V, K., V.f, may be rewritten as K.+
ar(rdf/ar). Neglecting also the dependence of K ;onrand
following Eichler [1981], f.(r, z, v) may be expanded in
eigenfunctions as fy(r, z, v) = £,.,” ¢, .(z, vMy(&,ra") for
< a, where Ju{x) is the standard Bessel function and & is its
nth zero. The appropriate superposition over # is determined
by the r dependence of the injected particles at the shock If
we take that dependence to be proportional to Jo(&ra™),
only the n = 1 term contributes, For any r dependence of
injected particles, however, it can be shown that the n = |
term dominates away from the immediate vicinity of the
shock front. Here we simply neglect terms » # 1, sothat ¢, ,
= £,(0, z, v). It is then sufficient to consider the solution at r

=0, f; = F{0, z, v}, which satisfies
3 afs . 3F
_(KH :_f"") - K, (&la)*f, + V s =

9z

0 (2
az az
where we note that & = 2 4.
The parallel diffusion coefficient is given in terms of the
pitch-angle diffusion coefficient, D,, by [Earl, 1974]

| 't
K, = Ivz ]-1 dp(l — p?'D,"! 3)

where u = v/v In the Appendix we outline the derivation
via quasilinear theory of D, due to a (possibly unstable)
spectrum of right-hand and left-hand circularly polarized
Alfvén waves (equation (A.9) from the appendix):

W-Qsz {1 _“2) ‘Qs
S B LY PPN 4
Y2 Byl o’ @

where Q; (= q,B/my), q;, and m, are the gyrofrequency,
charge, and mass of species 5. The differential wave intensity
Wk, 2y = I,(k, 2} + I.(k, 7) gives the power per unit wave
number & in the magnetic field fluctuations [(6B  &B) =
[-="dk Ik, 2)). I.(k, 7} is the intensity in waves propagating
in the &, direction with k > 0 (k < ) corresponding to right-
hand {left hand) circularly polarized waves for B > 0 and the
reverse polarizations for B < 0. I_(k, 7) is the intensity in
waves propagating in the —¢, direction with &k > 0 (k < )
corresponding to left-hand (right hand) circulariy polarized
waves for B > 0 and the reverse polarizations for & < 0
The upstream power spectral density observed in associa-
tion with diffuse ions typically exhibits a weak peak at ~0.03
Hz accompanied by a broad shoulder from 4 x 1673 — 4 x
1072 Hz over which it varies by perhaps a factor of 3
[Childers and Russell, 1972]. Bevond 0.04 Hz the power
spectral density decreases rapidly with frequency For the
upstream hydromagnetic waves the measured frequency is
due almost entirely to the Doppler shift since Vi=01V;
therefore 2arp = V[k|, where Vis approximately parallel to B
and v is measured in Hertz. According to {(4), then, 330-keV
protons interact with waves with » = 4 x 107 Hz and 3 3-
keV protons interact with waves with » = 4 x 10~2 Hz Thus
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the frequency range v = 4 x 103 Hz is relevant to diffuse

ions and the range, » = 4 X 102 Hz, is relevant to ions with .*
small 4. Now according to (3), K is dominated by values of -°

i where (1 — p5*D, s large. From (4) small values of [aaf
would be expected to dominate the integral where |4 is large
and I(k, z) is correspondingly small, However, smail values
of p correspond to pitch angles near 90°, precisely where -

nonlinear corrections are required which add substantially to -

D, [Vélk, 1973; Jones et al 1973; Goldstein, 1976] In lieu
of more detailed information, we assume that the nonlinear
correction to D, suppresses the contribution of the neighbor-
hood about p = 0 to the integral in (3) Over the remaining
domain of p the observed shoulder in the wave intensity
motivates the replacement of {Q,/vu, z) by I(Q]ul/vy, 2) in
order to evaluate the integral Equation (3) then yields
B v s
K, = in Q:Z [7Q, v, 2}
6)]

l -1
QM 2) = {E 2 H=0/m, z)]"}

+ ~

The form of the perpendicular spatial diffusion coefficient
K, . within quasilinear theory is on less frm foundation
because the usual mathematical assumption of cylindrical
symmetry about B precludes a flux normal to B so that no
information on K| , is obtained. Nevertheless, K, , can be
obtained via the average squared deviations from an initial
field line of an ensemble of particle trajectories [Jokipii,
1966, 1971]. That result is consistent with the heuristic form
K. = nrg’f(Av™"), where r, (=0Q") is the gyroradius for i
= 0, A is the scattering mean free path parailel to B, and nis a
constant of order 1. That is, a particle random walks normatl
to B with a step length of approximately one gyroradius for
cach reversal of direction along the average field With K, =
A\ we have K, = nw'Q %3K,)"". According to Jokipii
[1971], K, is proportional to the power in magnetic field
fluctuations parallel to B. If the magnetic fluctuations are
isotropic, Jokipii obtains n = (1/6). However, Jokipii uses a
questionable formula for X, that generally underestimates
K. Use of (3) for K, therefore requires a larger value of 7 to
obtain the same value of K, . Conversely, since magnetic
fluctuations parallel to B are observed to be somewhat
smaller in amptitude (M. M Hoppe, private communication,
1981) than those perpendicular to B (in our model, which
assumes parallel propagation, all magnetic field fluctuations
are normal to B), a smaller value of 7 is required In view of
the obvious uncertainty we take n = 1 and appeal to
observations in section 6 to argue that 7 = lis a reasonabie
choice. Accordingly, we take

4o
K. .= 5;}2_ J& /v, 2) (6

Substituting (5} and (6) into (2) we obtain

D "
i(K aff) - K. Mnglaps + v E;—f- =0 N
Z

Ii.s
0z

J oz

where K—”‘so = JK” 5 and K_L 50 = K‘i g]—!
defining the independent variable

Dividing by J and

UQJv, 2) = J Q. 2)dz (8)
0
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. we obtain from (7)

& af ,
Ku.so ?f; + Vai‘; - K, so(flfa)zfs =0 9
The appropriate boundary condition as z — = is that f(z)
— 0. Two distinct cases arise: (1) If £(Q/v, z— =) —» =, then
the solution to (9) satisfying the boundary condition is f; =
Cv) exp [-VEK, D)™ (1 + ¢)] where o = [1 +
4K, K, M&/a* V21" and C,(v) is an arbitrary function of
v. () if {Q v, z — =) = 0Jv), then the corresponding
solution is f, = D, exp [-VQK,) (] sinh
(VKD — 0], where Dy(v) is an arbitrary function
of v
The functions C,(v) and Dy(v) are determined by the
conditions at the shock front that (1} the omnidirectional
distribution function be continuous and (2) the discontinuity
in the component of the energetic ion streaming normal to
the shock front equal the rate at which particles are injected
at the front. If particles are injected with speed v," and
diffusive transport in the turbulent magnetosheath is negligi-
bie, those conditions require that the upstream omnidirec-
tional distribution satisfy at z = 0:

K, of, afs
_—— iy BV =N - U, 10
Q0,0 8z AV du 2o - v e

where 8 = 1 (1 — pJ/pa), plpa is the ratio of upstream to
downstream plasma densities, and 4m(v,0? N, is the number
of ions of species s injected per unit area per unit time at the
shock front with speed u,0 Ions are, of course, ‘injected’
with a range of energies; since it will be shown that the
diffuse ion spectra at higher energies are not dependent
o v except for overall normalization, however, the as-
sumption of monoenergetic injection can be made with
impunity. Employing condition (10} to evaluate CJ{v) we
obtain in case 1

'Y

dv'(p)!

» ')!ﬂ

fiw, O = N{BVu)™" exp {—(ZB)" I

U+ d's(v')]} cexp {(— VK I+ wl} aD

Employing condition (10) to evaluate D, (v} we obtain in case
2

filv, § = NBVuH™

$ eXp {—(ZB)'l J dv'(@) I + (") coth [V2K, 57!

¢ !,lls(v')ﬂ]} -exp [- V2K, %) '] sinh [V2K;, 07

(€° — DY) {sinh [V2K, )7 gyl (12)

Case 1 corresponds to infinite ‘resistance’ to the propaga-
tion of ions upstream. It should be noted that this case
requires perpendicular diffusion to yield other than a power
law dependence on v at the shock front. Case 2 corresponds
to an upstream “free-escape’ boundary. If we neglect perpen-
dicular diffusion (¢ = 1)} and note that (YK, ) equals
Joodz(Ky ! (or 1/K,, where L is a ‘free-escape’ bound-
ary), in this case the velocity dependence at the shock is

E

EXCITATION AT THE Bow SHOCK

given by

exp {—B’ ! "v Jv’(v')“

el [ )]

the same result obtained by Lee et al. [1981] and Forman
[1981]. .

Case 1 might at first seem artificial since it requires a
nonzero wave intensity far upstream, upon which the up-
stream ion distribution near the bow shock should not
depend. Conversely, case 1 is attractive because there
clearly exists an interplanetary wave intensity far upstream
that results in infinite ‘resistance’ unless it is restricted to
satisfy either (QJv) = 0 or {~QJv) = 0.

Case 2 is attractive because the derived quantities should
not depend on the distant interplanetary wave intensity
From a pragmatic viewpoint, however, case 2 is unaitractive
because it involves the arbitrary function [%(Q,/v), which
dominates the form of the jon energy spectrum, The function
{%(0,/v} is not determined by the wave kinetic equation to be
discussed in section 5. The wave kinetic equation introduces
an arbitrary function in case 1. However, that function is
conveniently the differential wave intensity at great dis-
tances from the bow shock, which can be identified with the
interplanetary spectrum, and upon which the derived quanti-
ties do not depend sensitively. -

Thus, case | accommodates the interplanetary wave inten-
sity and, with that intensity specified, is fully determined.
Our considered view is that case 1 better models the quasi-
equilibrivm of diffuse upstream ions We proceed on that
basis. 2

Since ifs, is independent of the wave intensity, the omnidi-
rectional distribution function at the shock f(v, 0) follows
immediately from equation (11):

fv, 0) = N(BVu,)™!

exp {—(2;3):' J ' ()

u?

4 12
{1 + (1 + ;(u’)“&zﬂs_za'zV_z) H (13

The integral may be evaluated to yield
£, 0) = Ny(BveH!
I 0 O I+ 0 R - 1T
(e OB + vt 4 ]
a + 04%—4)1!2 _ 1]—1}(8,8)"
cexp {@ATII + @NNTHYE - (1 + o Y (1)

where u,* = 2 0,20°V?¢, 72 For v = u, the final exponential
factor in (14) determines the dominant behavior of fy(v, 0).
which is exp[~(E,q, Do '], where E(= } myu?) is ion
kinetic energy and < is a constant independent of particle
species  Accordingly, for large v we expect ion spectra
exponential in E,/q, with the same e folding value of E/q, (=
o) for all ion species, as is observed [Ipavich et al , 1979]
This explanation for the observed exponential ion spectra in
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terms of the product, (K; (K, .}, has been given by Eichler
[1981}. A more thorough comparison of equation (14) with
observations is presented in section 6.

We now summarize section 4 briefly. The ion transport
equations (1) have been solved to yield the ion omnidirec-
tional distribution functions as functions of v and { {equation
(11)). Although the distributions at the shock front are
obtained immediately by setting { = 0 (equation (14)), their
dependence on z requires the differential wave intensities in
order to evaluate {(z). Wave kinetic equations are presented
and solved in the next section, section 3, to yield the wave
intensities in terms of {. Finaily, inversion yields I(z) and
therefore the self-consistent ion omnidirectional distribu-
tions, fi(v, z), and differential wave intensities, I.(%, z).

5. THE KINETIC EQUATIONS FOR THE DIFFERENTIAL
WAVE INTENSITIES

The hydromagnetic wave growth or damping rate due to
the sireaming upstream ions is derived in the appendix and
presented as equation {A6) The expression involves the
derivative with respect to p of the phase-space distribution
function, Fy(v, w), which must be related to the omnidirec-
tional distribution function f(v). By definition f,(v) = {
foi'duF{v, p}. A condition for the validity of diffusion
theory, which is supported by observations of the upstream
ions within 10 Rz of the bow shock, is that the phase-space
distribution function be nearly isotropic; the simplest as-
sumption is then F(v, p) = f,(v) + A,(v)u, whereby oF jop
= Ad{v). Since within diffusion theoty the differential flux, or
streaming, parallel to ¢, in the solar wind frame is —-K,aflsz,
it then follows that A,(v) = —3v™! K, , af./az With that
substitution expression (A6) may be rewritten as

67 V, g (" 02 af;
wlk, ) = F o 2 5 4 i il
vt = = i % m, Jw, i Sy ol dz
(15

where w; is the greater of v,” and |Q,/k|, we have assumed y*
<< wy’, and y,(y_) is the growth (decay) rate of waves
propagating in the é(—é,) direction (note from (11) that af./
dz < 0.

In the quasi-equilibrium under consideration the differen-
tial wave intensities, 7. (k, z) and [.(k, 2), satisfy the wave
kinetic equations

of .
-(V= Vy—= 27:1:
az

where we neglect induced emission or absorption or sponta-
neous emission due to other processes than the quasilinear
wave-particle interaction with the upstream ions. We note
that y. as presented in (15) is independent of the sign of &.
Let 1.%k) be the interplanetary wave intensity spectrum [lim
(z > ).k, 2) = L.%0k). If 1.°k) = 1.%~F), implying no
net polarization of the interplanetary spectrum, then f_(k. 7)
= I.{—%, 2) and, from (5}, KQ/v, 2) = KQJv, 2).

Neglecting V., compared with V, using {(k, z) as indepen-
dent variable, and noting from (15} that y_. = — y, = ~ y,
(16) becomes

amn

(16}

A first integral yields ,
Lok, ) _(k, 2) = 1.1 ")

(18)
The difference of (17) yields
a 2y
-l —I)=—- — 19
> . ) v {19)

In general, equations (8}, (11), (15), (18), and {19) combine
to give integro-differential equations equations for /.(%, z).
In order to approximate (15) for y and simplify the calcuia-
tion we note, if K, ,0f,/3z (=K, ;"3 /30) is a rapidly decreas-
ing function of increasing v and |k < £.° = {Q,|/v.%, then the
integral in (15} is controlled by K, ,0f./3z evatuated at the
lower limit of integration, w, = | /k{. The integral should
then be equal to the product of K|, ,3f./az evaluated at p =
|0/k| and a proportionality factor that should not depend
sensitively on f,(v, z). For the explicit purpose of estimating
the proportionality factor we utilize from (14) the asymptotic
form of f,{v, { = 0) [~v*"®B" exp(—(4B)~'u,~2 v*)] valid for
large v (= u,). Then

67V ,4q. 20,2 &fs
ikictm k2 "oz fyiam

¥~-3
¥

[ de BCAT (1 — e HED )
]

where ¢, = (4B)~'u,"%(Q,/k’. Equation (20} is valid for v =
4y, corresponding to Ik] < [Q//u,. The integral in (20) equals §
eM O T2 - @Y, &) - ITL — 4P, 4,1
where [(a, p) is the incomplete gamma function. To be
consistent with the previous asymptotic expansion of f,(u, 0)
we replace the gamma functions by their asymptotic expan-
sions in ¢, and obtain

3V ag,70,° af
y~ -3 2Tt [ o O
o ke mk? L PR

&ML -2 e+ ]

Retaining only the leading term we have

(21)

1
Y3 V Y adk)@f 430y i0m

67’} VAQstkf

(I,-(k) = (416)2”54 Vsz Q 3 Kil .ro)u=§ﬂ,fkﬁ

(22

‘ where fiv, {) is known from (11).

Now substituting (22) into (19} we obtain upon integtation

Lk, 2) = [k, 2 = X al)f (Q/k], ) + Lok — 1-%h)

(23)

where we have noted that f.(v, z) — 0 as ; — = Equations
(18) and (23) have solutions

i. = l{: (2 o f, — 1%+ IJ’)

¥

2 172
+ [(2 af, — 1%+ 1+°) +47.° 1;{! } (24)

5
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Interplanetary magnetic field fluctuations in the frequency
range 1075-1072 Hz in the spacecraft frame consist predomi-
nantly of Alfvén waves propagating away from the sun and
contributions from neighboring ‘Aux tubes’ (with different
magnetic field strengths but in pressure equilibrium) being
convected past the observing spacecraft [Belcher and Davis,
1971: Goldstein and Siscoe, 1972} The latter do not signifi-
cantly affect energetic particles if flux tubes have greater
lateral dirnensions than the particle gyroradius. If we assume
that the scattering interplanetary fluctuations in the frequen-
cy range relevant to diffuse upstream ion propagation {1073-
10~! Hz) are also predominantly Alfvén waves propagating
away from the sun, then 1_%k) should describe their differ-
ential intensity and I.°(k) should be approximately zero.
Taking I,%k) = 0, equation (24) yields

2 a;f; > 10 L= E asfs -1°

I_=0
E asfs <I° f.=0 25
I = 1_0 - 2 asf:

In either case given in {25)

(2 asfs 2 I—D) 3 I+ + I— =

5

E as.fs - I-o

3

We note that f, is known as a function of [ (see equation
(11) and 8¢/dz = 1, + I_ so that
-1

K
= ’ dt’ (26)
0

Easfs - I—O
s

Waves of a given wave number k are resonant with ions of
species s with speed v = [Q,/k] or with energy per charge E./
Q, (where O, = g,/q,) = 3 m,Q,~'(Q,/k)* = Q, Since the ion
differential intensity spectra are observed to be exponential
in E/Q, helium, with Oy = 3 0, will therefore dominate
protons in determining the wave spectrum at small & in (23)
The species with g, = 3¢, are negligible in expressions (23}
(26) in comparison with helium since (3, ~ (g, and together
they have a differential intensity about 8% that of helium
[Ipavich et al , 1981al.

We note from (11) that f(v, {) = fi(v, 0)exp(—ALy=i0 b0
where A, = €, {1 + (1 + Q% %4, 79" and the constant
of proportionality is independent of species It will be
demonstrated in section 6 that helium and protons contribute
equally to expressions {23)(26) at the bow shock at a
frequency (~1.1 X 1072Hz) corresponding to approximately
44-keV protons and 22-keV/Q helium, for which 0,k *u,™*
is approximately 4. Protons dominate at higher frequencies
corresponding to lower energies; helinm dominates at lower
frequencies corresponding to higher energies Therefore,
where helium contributes substantially to (26), Age ~ Ny
Furthermore, for any &, Age > A, so that the contribution of
helium relative to protons decreases with distance from the
bow shock. Accordingly we take Ay, = A, in expression (26},
which may be evaluated to yield

Folv, 2) = fov, 0) I QpvH{ el Qp/v)f plv, 0)

+ ttel/0) ferc 00l By, 0)

— {a,(Q,/0)f ,w, 0)

+ (/) (v, O — I-%Q,/0)]

- exp [FVRK LT + ) Qe 2 @D

where f,(v, 0) and fy(v, 0) are given by (14) and the (%) sign
refers to Z,a,(k)f(|QJ/k|, 2} 2 I-%K). From (27) it is clear
that, for a given k, S0 (0)f (|QJK, ) is either greater than
[_%k) for all z or less than I_%k) for all z

1n (27) it should be noted that, for E.a.f, > 1_°,

Fv, 2 = flo, MIYQ ) a(Q/n)f v, 0)
+ o3e(Q/0) FrelvQuae/ Dy, O}

as z — o in apparent contradiction with the boundary
condition stated in section 4 that f, — 0 as z — «. There is
no contradiction as long as 7,%%) is not identically zero.
Where Z,a,f, = I_% I = (% so that 30/az = 0(1.”) and a
large range of z corresponds to a very small range of {. That
large range extends to z — = as [,% ~ (. Interestingly, this
minimum in Kk) yields ion solutions that appear as free-
streaming solutions with finite ‘resistance,’ an option with
attractive features and observational support that, however,
was discarded in section 4 since it involved an essential
unknown function of & Here we adopt (27) under the
assumption that I.°(k) is sufficiently small that the expres-
sion holds for values of z(<200 Rg) where measurements are
made. '

For Z.a,f, 2 I_" we obtain from (25) and (27) (taking Ape
=1,

L.k, ) = 10,001 10,0k, 0)

+ auelB)f ik, 0) = 1-°)]

L) + TR QK 0) + assel)fuellQuc/k, O)]
expl= VK, T+ i 120021 — 1B (28)

As in (27) we assume that 7.%%) is sufficiently small that
equation (28} is valid for values of z < 200 Rg.
If |4] > [Q,}/v,", vis dominated by protons and we obtain

from (15}
:')*nJVVqu2 sz
=M -~ M-
YT e, R
(M, M3) = J dv o(l, v + g()lflv, ) (29)

where f,(v, 2) is given by (27) It is clear from the general
expression (15) that M, > szk'zMz In general, the extra
factor v~2 in M, results in M, contributing substantially less
than M, to v, so that M, can be neglected for illustrative
purposes. Neglecting V4 compared with V, equation (16)
yields solutions for & > |Q,}/v,?

]

Lk, 2y = L_-U(k)cxp|:: 2v! J

4z

dz’ ¥k, Z'):| (30)
Since F.%&) is small and vy« &7, Jk) (= I.(k) + I_(k)) will
drop precipitously for [kl = |Q,//u,° and then recover to

1_%(k) for larger [k|.
From (11), (14), and (27) we readily infer the omnidirec-
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tional distribution functions of helium and the other minor  fJ(E,, 0) = C,E/Q,) P {[[1 + (EJO.PE," " + 1]

ions:
(v, 2 = filv, O (1 %QJ0)]7
A (Q,0)f (A0, 'y, 0)
+ a0 f (34,0, 'v, 0)
— [op( Q) f (A0, v, 0)
+ ape( Q0 (34,0, "0, 0) — 1-%(Q )]
- expl =VC2K, Y QAT
+ (04,7 + EFQT TR Qe T
(31)
where
o =11+ (1 + E’QE ) QA
+ (QSZAS—Z + ESZQxszOfZ)lIZ]—I

and where A, = mJm,, Ey = § 32V q,Blc™!, and (=)
refers to a,(Q/v)f(A,Q,"'v, §) + au /vy (34,0, v, 0)
- I/ =0

6. CoMPARISON WITH OBSERVATIONS

We now compare the theoretical resuits derived in section
5 with the observations outlined in section 2. As repre-
sentative solar wind parameters we take V = 400 kms™', v,
=40 km s~!, and B = 5 x 107° G. For the compression at
e bow shock we take the observed average value of =3 4

irgo et al., 1967], implying 8 = 0.235 For the typical
lateral distance to unconnected field lines a, we take the
characteristic dimension of the nose of the bow shock (= 10
Rg). Since the reflected component, which peaks at about 5
keV/nucleon, is the ‘seed’ population for the diffuse ions we
take v,° = 980 km s”'. In order to normalize f,(v, 2)
(determine N,), we take f (2.4 x 10° km s™', z = 0} from
observations of 30-keV protons: in a statistical survey of 33
diffuse proton events Ipavich er al [1981a] give as a charac-
teristic differential intensity at the bow shock 4 x 10°
protons (cm? s sr keV) ™!, which is equivalent to f, = 7 3 x
10™% protons cm™® s*. In order to normalize fu.(v, 2)
{(determine Ny.), we take fu.(1 7 X 10® km s~ z = 0) from
observations of 30 keV/Q helium; in the same survey,
Ipavich et al. [198la] determine the average differential
intensity ratio of helium to protons at 30 keV/Q to be 7%,
implying a differential intensity of 2 8 % 107 alpha particles
{cm® s sr keV/() ™!, which is equivalent to fi. = 2.0 x 107
alpha particles cm™ s*. From Russell [1972] we take the
characteristic power spectrum of the radial component of the
interplanetary magnetic field during quiet periods as 3 3 x
H072(0.1/1°? in units of ¥/Hz where » is the fluctuation
frequency in the spacecraft frame in units of Hertz Multiply-
ing by a factor of 3 to include all three components under the
assumption of isotropy, we have E(v) = 0.1 (0.1/2P7y/Hz,
which is equivalent to [.%k) = 32 x 1071 57 x 107%&)?
(3? cm, where 2my = £V (under the assumptions V4 < Vand
"-B = VB).

Equation (14} for the ion omnidirectional distribution
function at the shock front may be written in terms of ion
energy E; and proton-normalized charge Q= g/q,) as

L+ (EJQPE VR — g 1Ea!
“exp [-(48) [t + (EJQFE, Y

were C, is a constant dependent on species, and Eg(= § 3%
aV& ™ g,lBle™ Y is independent of species. Except for over-
all normalization, all ion species have the same energy
spectrum as a function of EJ/Q, at the bow shock in
agreement with observations at ISEE 1, which is generally
located close to the bow shock [fpavich et al., 1979] E, has
the value of 23 keV for our choice of parameters. For
energies EJ/Q, = E, the dominant behavior of each ion
spectrum is exponential in EJ/Q, with an e folding value
equal to 4BF, = 21 6 keV, again in agreement with observa-
tions [Ipavich et al, 1979). The observed range of the e
folding energy per charge {15-25 keV) is readily explained by
a range of values of a (6.9-11.6 R;, respectively), depending
on the particular geometry of the quasi-equilibtium. Ipavich
et al. [1979] actually determine the exponential dependence
between 30 keV/Q and 120 keV/Q in terms of the differential
intensity $(E), which is proportional to E,f {E,). Immediate-
ly following, in a detailed discussion of the proton spectrum,
we show that the differential intensity between 30 and 120
keV/Q predicted by equation (31) at the bow shock is
indistinguishable from exponential. The exponential behav-
ior at the bow shock, which arises from the fact that K, K.
x (EJQ,), independent of the wave intensity, was first
explained in this way by Eichler [1981] by using a linear
theory It should be noted from (31), however, that the
simple dependence of the ion distribution functions on E/Q,
described by (32) holds only at the shock front.

We now consider the proton spectrum described by (27).
In Figure 1 we plot the predicted proton differential intensity
spectrum for several values of z given in units of earth radii
(Rg). The dashed portion of each curve indicates that range
of E for which the assumption that K, ,8f,/9z is a 1apidly
decreasing function of increasing v (or E) is not satisfied, an
assumption on which the approximation of y leading to (22)
is formally based. Nevertheless, the dashed portions should
indicate qualitatively the correct behavior. The spectrum at
z = 0 shows that $(E£ ) is indistinguishable from its
asymptotic leading behavior [$(E) ~ exp (—E/21 6 keV)] for
E = 30 keV. Since ions cannot lose energy, there are no
protons with v < vpo so that the spectra are "donut’ distribu-
tions as observed {Paschmann et al. 1981]. The critical
behavior at £ = E_ == 125 keV arises {rom the fact that the
wave intensity at the corresponding wave number (£ = /1)
is approximately zero as discussed briefly in section 5 (see
equation (25)). For £ < E, the spectra harden with increasing
z in agreement with observations at ISEE 3 [Scholer et al ,
19815].

For V2K, .97 '(1 + ¢} _-%Q,/v)z = 1, the exponential in
equation (27) may be expanded to yield

folv, @) = folu, Oft + 2 L7 w)]™!
L™Yw) = V2K, 071 + d)la,(Q/0)f (v, 0)
+ (/) Fre(vQue/ Ly, 0) = 1-2((Q/0)

where L(v) is the characteristic scale length for the decrease
in particle intensity away from the bow shock. L.(v) increases
rapidly with increasing v until E = E_ where it is singular;

32)

(33)
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Fig 1. The predicted proton differential intensities at several

distances from the bow shock in units of Rg . The intensity of 30 keV
protons at the bow shock is taken to be 4 X 10° protons {cm? s st
keV)~! [Ipavich et al., 1981a]. The dashed portion of each curve
indicates that range of energy for which the assumpuon that X, ,afJ/
3z is a rapidly decreasing function of increasing energy is not
satisfied.

thereafter L{v) decreases with increasing v. L(30 keV) =53
Rz in good agreement with the average observed e folding
scalelength of about 7Rz determined by Ipavich er al.
[1981a] from 33 diffuse proton events at 30 keV

From {27) for large z we obtain the limiting spectrum

Folv, 2= @) = I_4Q/0)f (v, Wep(Q,/0)f (v, 0)
+ agel Q) Fue(vQue/Qy, 017 E < E,
E>E,

(34
folv,z—>®) =0

Again, the singular behavior here is partially due to the
working hypothesis that 1,%#) — 0 as discussed in section 5.
For small but finite 7,°%), f,(v, z) exhibits the behavior
described in {34) (which, as we shall see, corresponds to free
streaming) for a large range in z before eventually decreasing
exponentially for larger z.

In Figure 2 we plot the predicted helium differential
intensity as a function of energy per charge (£/2) for the
same values of z chosen in Figure 1 The dashed portions of
the curves indicate the same quantitative limitation of the
theory discussed with reference to Figure 1. The proton and
helium spectra are identical in form at the bow shock as a
result of their dependence on EJ/Q; only at z = 0, but exhibit
a more complex dependence for z # 0.

In Figure 3 we plot the predicted proton differential
intensity as a function of z for 30 keV protons (solid curve).
For comparison we include the data of Ipavich et al. [1981a];
the points give the observed intensity at 30 keV and the
inferred distance to the bow shock for each of 33 diffuse
proton events. The scatter presumably results from the
various geometries and range of parameters in the sample;
nevertheless the predicted behavior reproduces the ob-
served trend Also shown are the predicted differential
intensities of 60-keV protons {dashed curve) and 30 keV/Q
helium (dash-dot curve) as functions of z.

Ton amnisotropy, &{v, z), is given in terms of the ion
streaming parallel to &,(5, = — K, ;0f/3z + {Vvafjov) by &
= 38, (vf ) if |&| =< 0.3 [Gleeson and Axford, 19671. From

HE Bow SHOCK

(27) {2',?&,}',}5 1.9 or E < E,] we obain for protohs
vV“‘c’p(v, D=3+G-0 + )
— e, () f (2, 0) + 00/ et Que/ Dy, 0)
+ [-%Q0) — a,(Q,/0)f (v, 0)
~ ape{/0) (/s 0)]
- exp [~ VKT + gl
P Q) f v, 02 — 2B + $,)]
-t ape(Q 0 e (0O, B
2= e+ A+ e,
1 — exp [~ V2K, 071 + ) -%Q )zl
+ B 10,00 — VK7L + ¢l -0z
Q) — a0, 0)
~ an(Q/0)fue(vQue/Qp, 0)]
[ + AEEY Y, 7'A + 4,)7 1]
-exp [ V2K 071 + ) YQpuielt (39)

Evaluating expression (35) at z = 0 we have £,(E < E, 0} =
(VIoXt + 4)3 — 287", which equals —0.28 at 30 keV,
indicating flow into the magnetosheath in quantitative agree-
mient with the observed value of about —0 25 [Ipavich et al.,
1980]. It is also readily seen that

E(E < E, 2 ) = (VIof1 +
+ 20 ol Q,0) f (01D, 0)
(1 + 0, — g1l (Q0) fol, 0)
+ onie{€0/0) frae(vQue/ Y, 001 '}

which equals 0 5 1 for 30-keV protons, indicating flow away
from the bow shock. Although the calculated anisotropy as z
— = is larger thard that which can be accommodated with
rigor within diffusion theory, it indicates rapid free streaming

Hetiuen  Intensity (helium nuclei/cme -sec -srkev/Q)

120 150

E/Q{keV)

Fig 2. The predicted helium differential intensities at several
distances from the bow shock in units of Rz. The intensity of 30 keV/
Q helium at the bow shock is taken to be 280 helium nuclei (cm® s s
keV/QY ! [Ipavich et al , 1981a]. The dashed portion of each curve
indicates that range of energy per charge for which at the relevant
ion energies K, ,8f /az is not a rapidly decreasing function of energy
as assumed
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of the particies away from the bow shock at large distances
as observed. Although the presence of the interplanetary
wave spectrum and the boundary condition f v, z— =) —
precludes an anisotropy as z — =, it is an interesting feature
of the model that free-streaming behavior, as observed at
ISEE 3, is exhibited for a large range of z due to the near
absence of sunward propagating waves in the solar wind
Expression (31) yields similarly the helium anisotropy,
which exhibits analogous behavior. In Figure 4 we plot &,{v,
z) for 30-keV protons (solid curve) and 60-keV protons
(dashed curve) and &y(v, z) for 30-keV/Q helium (dash-dot
curve} versus z in units of Rz The reversal of the sign of
£(30 keV, z) at z = 2.4 Rg is in good agreement with results
inferred from a sample of diffuse proton events [Ipavich et
al., 1980].

We now tuin to the wave spectra, In Figure 5 we pre-
sent the power spectral densities predicted from (28) for
several values of z in units of Rg The spectra,
B(W[=4710"°V"'1_%4)], are presented in units of ¥/Hz as
functions of v in units of Hz Z2#v = £V). As in Figure 1, the
dashed portions of the curves indicate ranges of frequency
where the corresponding ion distributions do not satisfy the
assumed rapid decrease with increasing v required to derive
the growth rate as given in (22). Nevertheless, the curves
should qualitatively describe the spectra in those frequency
ranges. The dotted lines indicate schematically the precipi-
tous decrease in power beyond v = 3.1 x 1072 Hz described
in section 5 following (30) and the gradual return to the
interplanetary spectrum, all due to the absence of protons
with energies less than 5 keV, that energy cyclotron resonant
with 3.1 x 1072 Hz if |u| = 1. The plus sign indicates ion-
excited waves propagating away from the bow shock relative
to the solar wind; the minus sign indicates partially damped
interplanetary waves propagating toward the bow shock. As
indicated in (23), the two directions of propagation do not
coexist at a given frequency if [,%%) = 0. The zero in the
wave intensity at v = 6 x 107 Hz, providing the transition
between ion-excited and interplanetary waves, is the cause
of the independence of the 125-keV proton intensity on z as
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PFig. 3. The predicted differential intensities of 30-keV protons

(solid curve), 60-keV protons (dashed curve), and 30-keV/Q helium
{dash-dot curve) versus distance from the bow shock in units of Rg.
Measurements of 33 diffuse proton events by the University of
Maryland/Max Planck Institute experiment on ISEE 1 (taken from
Ipavich et al. [19814]) are shown for comparison with the 30-keV
proton intensity
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Fig. 4. The predicted anisotropies of 30-keV protons (solid
curve), 60-keV protons (dashed curve) and 30 keV/Q helium (dash-
dot curve) versus distance from the bow shock in units of Rg.

shown in Figure 1. It is evident in Figure 5 that the ion-
excited differential wave intensity decreases rapidly with
increasing z as observed; somewhat beyond ISEE 3 (= 200
Rg), (28) actually predicts less intensity than in interplane-
tary space. The wave deficit, which arises from the condition
1.%%) = 0, results in the free-streaming ion distributions for
E < E. The spectra are dominated by helium {protons) for
» < (>) ~1.1 x 1072 Hz corresponding to ~44-keV protons
and ~22-keV/Q helinm :
Equation {28) may be expanded for small z as.

Litk, 2) = |a (k) f (01K, 0)
+ apelk)fue(iQuc/kl, 0) — 1L = 27 '(0)]
7R = SVIK D7+ ddlomiai [apK)f (19,04, 0)
+ el f el Que/kl, 0 (36)

where I(%} is the scale length for decrease or increase in the
wave intensity away from the bow shock. Where the ion
excited waves dominate the interplanetary spectium (Z;a,f,
> IY ) = Liv = 1€2,/k), indicating that the wave
intensity and the proton omnidirectional distribution at the
corresponding energy decrease together We note further
that y.(k, z = 0) = =LVI !k, so that wave growth rates at
the bow shock can be calculated immediately At »==13 X
1072 Hz, corresponding to 30-keV protons, y. =56 x 1073
s~ The real part of the wave frequency in the solar wind
frame w = kV,, = $2 % 107% s~'. comfortably larger than y
as formally required for the validity of quasilinear theory.
For v < 1.3 x 1072 Hz. y decreases rapidly; for » > 1.3 X
107% Hz, however, v increases rapidly, surpassing w and
severely pressing the limits of quasilinear theory.

In Figure 6 we compare the wave spectra predicted at z =
0 and z = 2R; with a power spectrum typical of disturbed
upstream conditions taken from OGQ 5 {Childers and Rus-
sell, 1972] (dash-dot-dot line). The observed spectrum in-
cluded power in the radial component of the magnetic field
only; assuming approximate isotropy we have multiplied by
a factor of 3 to obtain the total power The predicted spectra
are presented for both values of z because they are clearly
sensitive to z near » = 3 X 1072 Hz, vet the exact location of
the bow shock during the time interval utilized to obtain the
measured power spectrum is uncertain.
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Fig. 5 The predicted power spectral density at several dis-
tances from the bow shock in units of Rg. The dashed portion of
each curve indicates that range of frequency for which the ion
distribution at the corresponding energy does not decrease rapidly
with energy as assumed., The dotted portions of each curve indicate
schematically the precipitous decrease in power for » > 003 Hz
followed by an increase to the interplanctary power spectral density.
The pius sign denotes ion-excited waves propagating upstream
relative to the solar wind The negative sign denotes partially
damped interplanetary waves propagating toward the bow shock.

The agreement is qualitatively good. In overall power
level, minimum power at ~6-7 X 10~? Hz, and maximum
power at ~2-3 X 10~2 Hz, the observed and predicted
spectra are in good agreement. Power minima and maxima at
these frequencies appear to be ubiquitous features of more
recently analyzed upstream wave spectra (M. M. Hoppe,
private communication, 1981). However, the OGO 5 spec-
trum is much broader than those predicted. The observed
excess power at higher frequencies is certainly due in part to
the formation of shocklets [Hoppe et al., 1981}, a nonlinear
cresting of the large-amplitude compressive hydromagnetic
waves that transfers power to higher frequencies and that is
not included in the theory. Similarly, the excess power at
lower frequencies could be due to a nonlinear wave-particle
or wave-wave interaction resulting in a cascade of power to
lower frequencies,

The predicted wave polarization is also consistent with
observations. The even dependence of Ik, 2) on k implies
linear polarization on average, or Zero helicity . From obser-
vations of shocklets linear polarizations are generally in-
ferred, although net helicity also occurs [Hoppe ef al., 1981].
It is clear from equation (A6) that a net helicity results if the
jon distribution, F,(v, ). is not linear in p as assumed in
section 5. Indeed, a different approach to determining the p
dependence of F (v, w), subject to the constraints that the
omnidirectional distribution and streaming are specified, has
been suggested by Stevens and van Rooijen {19814] in a
different context. They demonstrate that maximizing entro-
py leads to a ‘most likely’ distribution of the form F(v, p} =
A exp (Bp), where A(v) and B{v) are determined by the two
constraints. Such a distribution would favor right-hand cir-
cularly polarized waves in the solar wind frame.

Lzt ToN- ACCELERATION AND WAVE EXCITATION AT THE Bow SHock

It is of interest to compute the predicted energy densities :
in diffuse upstream protons (=U) and in upstream hydro-
magnetic waves (=U;p) at the bow shock. With U, defined
by U, = | v’u”du(ntfrul)(%m,,vz).fp(v, 0), a numerical integra-
tion utilizing our assumed parameters yields Up,=35x% 10°
eV em™3. The energy density in diffuse protons with energies
greater than 15 keV is predicted to be 2.1 X 102 eV cm ™3, in
excellent agreement with the typical observed value of 200
eV cm™? [Ipavich et al., 1981b]. Since f (v, 2) is predicted to
be continuous across the bow shock the same energy density
in ‘diffuse’ ions should be present in the magnetosheath. For
the purpose of calculating the energy density in hydromag-
netic waves we may neglect the interplanetary spectrum,
I_%%), in comparison with Zsa,(k)f(|02,/k], 0) (see equation
(25)). Then with Usp = (4m)~" =, Jo* dka,()f QK. O),
where k2 = |(2,/v,%], we obtain the analytical expression

Usg/U, = 3.6 B VaV ol o) (kX))

where we have taken f‘(é)'r’s's;r,nplicity (wull = 3% and
where (vY) = | ,,pu’“dvv‘fp(v, O)f,0"dv f,(v, 0]~ We have
evaluated (%) numerically: (v*) = 0.274 u,*. Substituting the
assumed values of the parameters we obtain Usg/Up = 7.2 X
1072 and Usy = 25 eV cm™>, Analysis of the observed
magnetic field fluctuations typically shows that |8Blm.x = B
so that Uy = 1B*8m~" = 30 eV cm™, in respectable
agreement with the theoretical prediction.

We now present a few miscellaneous resuits of the theory.
From (14), the value of the proton distribution function
evaluated at 30 keV as inferred from observations, and the
assumed value of vp" corresponding to a 5-keV proton, the
rate at which 5-keV protons must be ‘injected’ at the shock
front per unit area [= 4m(v, )N, protons cm™2 s~ '] may be
evaluated and yields =52 x 10° protons cm™ s™'. With a
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Fig 6. The predicted power spectral density at the bow shock
and 2 Ry upstream compared with a power spectral density (dash-
dot-dot curve) typical of disturbed upstream conditions taken from
OGO 5 measurements [Childers and Russell, 1972]. The dashed and
dotted portions of the predicted curves are as described in Figure 5.
The observed density (in the radial component of the magnetic field)
has been muitiplied by a factor of 3 to obtain total power under the
assumption of isotropy.
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3 imply-

proton density in the solar wind of =8 protons cm™
ing a solar wind proton flux of =3.2 x 10* protons cm™*s7!,
the theoretically predicted ‘injection’ flux requires that ap-
proximately 1 proton in 600 must either be reflected from the
solar wind or leak back upstream from the magnetosheath.
It is instructive to evaluate the derived proton diffusion
coefficients at the shock; their dependence on z follows
directly from that of the differential wave intensities. The
parallel diffusion coefficient, K, (v, O = K, (0)a,(€2/
N, 0 + aulQ 0 pelvQu/Qy, 0) — 190, =
VL(u)(1 + ¢5), which increases approximately exponential-
ly with energy for E < E,. At 30 keV, K, (z=0)=19 x
10" em? 5”1, From {4) and (6)

K., ! 2fa VEN
= o (38)
Kipfmo \&(1L+ )] \Lv)] \Eo

which equals =0.14 at 30 keV and decreases rapidly with
increasing energy for E < E,. The ratio also decreases
rapidly with increasing z. From K, we can determine the
scattering mean free path, X\, via K;; = %Au At the shock
front, ML) = A1 + ¢, XV/v), which equals =0 66 for 30-
keV protons, but increases to =1 for either 7.5-keV protons
or 280-keV protons. Again, we are clearly pressing the limits
of diffusion theory, which formally requires A <2 L. It should
also be noted that the derived v dependence of K, differs
greatly from those ad hoc dependences assumed by Lee et
al. [1981}, Terasawa [1981], Forman [1981], and Ellison
[1981].

7. LIMITATIONS AND CONCLUSIONS

We have presented a theoretical model for the seif-
consistent behavior of hydromagnetic waves and ‘diffuse
ions upstream of the earth’s bow shock in the quasi-equilibri-
um that results when the interplanetary magnetic field and
the solar wind velocity are approximately parallel Apart
from parameters that describe the solar wind and bow shock
such as |V|, |B|, shock compression and the lateral distance
to field lines that are not connected to the bow shock, the
only ‘free’ parameters governing the waves and ions that
must be taken from observations are the differential intensi-
ties of the ion species at one reference energy at the bow
shock (here we have chosen 30 keV/Q).

In spite of the paucity of fiee parameters, as described in
detail in section 6, the theory is remarkably successful in

explaining quantitatively many of the observed features of

the hydromagnetic waves and diffuse ions: notably

I. The ion energy spectra near the bow shock are
exponential in energy per charge for £/Q = 30 keV/Q with
the same ¢ folding F/Q for all species (~20 keV/Q).

2. Near the bow shock the ion intensities decrease with
distance from the shock front with a scale iength of 5-7 R¢
for 30-keV protons

3. The ion intensities are further reduced, and the spec-
tra harder, at the orbit of ISEE 3 (—~ 200 Rg)

4 The proton anisotropy at 30 keV is ~ — 028 at the
bow shock, indicating streaming into the magnetosphere
passes through zero at ~ 2.4 Rg and increases at larger
distances to the asymptotic limit 0.3}, indicating large
streaming away from the bow shock.

5. The wave intensity spectra near the bow shock are
modified from the interplanetary spectrum in the range 5 x
10™* — 10~! Hz with minimum power at ~ 6 x 107 Hz,

maximum power at ~ 2-3 X 1072 Hz, and a precipitous
decay in power beyond 3 x 107% Hz. .

6. The wave intensity spectrum in the frequency range 6
X 107%-10"" Hz decreases with distance from the shock
front together with the ion densities and actually falls below
interplanetary levels beyond ISEE 3.

7. The waves are lincarly polarized on average.

8 The total encrgy density in protons with E > 15 keV at
the bow shock is typically 200 eV cm™

9  The total energy density in waves with frequencies in
the range 6 X 107°~4 x 107 Hz at the bow shock is typically
25eVem™.

The theory also predicts:

1. The rate at which ions must be ‘injected’ (presumably
via reflection out of the solar wind or leakage from the
downstream magnetosheath) at the shock front: ~ 5§ x 10°
protons ¢cm ™2 57!

2. The spatial and energy dependence of the spatial
diffusion coefficients parallel and perpendicular to the inter-
planetary magnetic field. :

The quantitative agreement between theory and observa-
tions is particularly remarkable since a number of approxi-
mations and simplifications, some of which are in part not
formally justified, have been made to yield analytical expres-
sions for the ion distributions and wave intensities:

{ Ion transport is based on diffusion equations that
require (1) that the scattering mean free path be much less
than the spatial scale-length and (2) that the ion speed be
much greater than the solar wind speed. Requirement (1) is
severely pressed as discussed gquantitatively in section 6.
Requirement (2) is weakly satisfied at the observed ‘injec-
tion’ energies

2. The assumed forms of the spatial diffusion coefficients
are based on quasilinear theory, which requires (1) that the
magnitude of the magnetic field fluctuations be small in
comparison with that of the mean field and (2) that the wave
growth rates be substantially less than the wave frequencies
in the solar wind frame. Requirement (1) is not satisfied by
the upstream hydromagnetic waves as indeed predicted by
the theory. Requirement (2) is not satisfied at the higher
frequencies (v = 1-2 x 1072 Hz)

3. The assumption that the spatial diffusion coefficients
are independent of the spatial coordinates normal to the
magnetic field is suspect but necessary to perform the
eigenfunction expansion in the radial coordinate r. The
Jo(&ra™") dependence on r must, therefore, be viewed as
approximate

4 The replacement of the pitch angle diffusion coefhi-
cient. D {u), in (3) by D (=1) for u Z 0 is motivated by the
observed shoulder in the wave intensity in the frequency
range 4 x 1073-4 x 1072 Hz but is not well justified by the
derived wave intensity that depends sensitively on frequen-
cy.

5. 'The evaluation of the wave growth rate «{k) in {15} in
terms of the ion distributions at the lowest energy that can
resonate with waves at that frequency (equation (22)) is an
approximation that depends on K, ,df,/0z being a rapidly
decreasing function of v. It is clear from Figure | that this
approximation is only formally valid above an energy (~ 30-
keV protons at ~ 7 Rz) which depends on distance from the
bow shock and ion species.

Approximations (4) and (5) together result in a one-to-one
correspondence between wave frequency and ion energy




.. given by the cyclotron resonance condition for low frequen-

. ¢y waves at pitch angles of 0° or 180° (kv = = (). This
correspondence, which is an essential feature of Skilling
[1975], simplifies the problem to one amerable to analytical
techniques. Clearly the approximation is valid only if the
spectra are sufficiently smooth. The singular behavior of the
proton distribution at E = E, apparent in Figure 1 results
directly from the zero in the wave intensity at the corre-
sponding frequency and is therefore an artificiality resulting
from the approximation.

6. The assumption that the ion phase-space distribution
function F,(v, p), is linear in w yields a growth rate even in k
(see equation (15)), which guarantees equal differential inten-
sities of right-hand and left-hand circularly polarized waves
in general agreement with observations [Hoppe et al., 1981].
A small quadratic dependence of F (v, u) on p would favor
one polarization or the other depending on the sign of the
guadratic dependence, thus providing an explanation for the
fact that occasionally a net helicity is observed [Hoppe et
al., 1981].

7. The simplifying assumption that all wave vectors are
parailel to B precludes an explanation of the observed
compression of the upstream waves. However, the general
success of the theory in explaining the basic features of the
coupled wave-ion system indicates that the compressive
nature of the waves is not essential to the basic wave-ion
interaction apart from contributing to the effective mirror
reflection of ions through 90° pitch angle, an effect we have
included heuristically in deriving the spatial diffusion coeffi-
cients. This statement is supported by the noncompressive
nature of the waves observed in association with the ‘inter-
mediate’ ion distributions indicative of an earlier stage in the
evolution when wave vectors are more nearly parallel to B
and presumably before nonlinear effects have broadened the
wavevector distribution and increased the compression.

8. Damping of the upsiream hydromagnetic waves on the
solar wind plasma is neglected although it may play a role
[Auer et al., 1976},

9. Diffusive transport of the ions in the magnetosheath is
neglected.

10. Neonlinear wave-particle and wave-wave effects that
can transfer power in frequency are neglected in the theory
Such effects are presumably in part responsible for the lack
of overall quantitative agreement evident in Figure 6 be-
tween the derived spectra and the representative observed

specttumn. There is clear evidence for the formation of

shocklets, which transfers power to higher frequencies and
is presumably responsible for the discrepancy at frequencies
v = 3 x 1072 Hz. The nonlinear wave-particle interaction is
expected to transfer power to lower frequencies [Lee and
Vilk, 19731 and may be responsible for the discrepancy at
frequencies v = 8 x 107% Hz. It is also possible, however,
that relieving the one-to-one correspondence between fre-
quency and energy by numerically improving on approxima-
tions (4) and (5) will partially eliminate the discrepancies
without resort to nonlinear phenomena We also look for-
ward to future observations and analysis of upsiream wave
spectra in order to make more extensive and detailed statisti-
cal comparisons as has been possible for the ion distribu-
tions.

11. The theory assumes the ‘injection’ of seed ions of

speed v,® at the shock front at a rate 4=(v,"’N, cm™2 s~'.
The most likely source of the seed ions is either (1} via direct
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reflection out of the solar wind at the shock front such that
the reflection is elastic in the frame moving along the shock
front in which V x B = 0 [Sonnerup, 1969; Paschmann et
al., 19801, or (2) via leakage back upstream from the shock-
heated magnetosheath [Edmiston et al., 1982]). Although in
principle N, is determined by the structure of the bow shock,
the transport of these low energy ions (1-6 keV/mucleon)
cannot be treated within a diffusion theory as we have
presented. Accordingly we have modelled the initial accel-
eration and transport out of the solar wind or magnetosheath
as monoenergetic injection at the shock front for the subse-
quent shock acceleration and wave excitation addressed by
this theory. o

From equations (14), (27), (28), and (31} it is clear that the
ion and wave spectra are independent of v, except for
overall normalization that, however, is taken from observa-
tions. Accordingly, the spectra in Figures 1, 2, and 5 can
simply be extended to lower energy per charge and higher
frequency in order to consider smaller injection speeds v,".
The extensions for z # 0, however, suffer the same quantita-
tive limitation as the dashed portions of the spectra since, at
small v, K, 8fs/3z is not a tapidly decreasing function of
energy as assumed in deriving the wave growth rates. The
inferred injection rate 4n(v;")* Ny, of course, does depend on
v.". The insensitivity of the ion and wave spectra to v, also
supports the simplifying assumption that the injection is
monoenergetic .

12. As discussed in section 3 this theory treats the quasi-
equilibrium that resuits when the angle 8 between B and V is
small so that the connection time of the magnetic field line
passing through the point of observation to the nose of the
bow shock is sufficiently long. The existence of a quasi-
equilibrium is supported by the observed *plateaus’ in ion
intensity, which also indicate that the configuration is insen-
sitive to small changes in magnetic field direction and shock
structure over that portion of the bow shock accessible via
magnetic connection to the observing spacecraft. To the
extent that these changes do have a small effect on the
upstream ion and wave spectra we have used the term guasi-
equilibrium, By taking # = 0 (infinite connection time) we
have not only suppressed these temporal variations but also
necessarily neglected both the effects of field line convectior
across the shock front and the approach to the quasi
equilibrium,

The time scale for the approach to the quasi-equilibrium
however, can be estimated from observations and the the:
ory. The requirement that 8 = 50° in order to observe ions a:
~ 30 keV/Q implies a characteristic acceleration time to 3(
keV/Q of roughly 5 min. Characteristic theoretical time
scales are ¥~ ! to excite the hydromagnetic waves, 2K, " tc
develop the predicted spatial dependence parallel to the
magnetic field L{AV)™! to gain the specified energy anc
a’K, 7! to develop the predicted spatial dependence normal
to the magnetic field Here L is the characteristic ion scale
length parallel to B as defined in(33)and AV =4 - (V, - V).
where V, and V; are the upstream and downstream flow
velocities and 7 is the shock normal unit vector. For 30-keV
protons and the corresponding wave frequency (1.3 X 10~
Hz} the four time scales are respectively 3 min, 1 min, 2 min.
and 26 min, in reasonable agreement with the observed time
scale: wave growth followed by ion acceleration requires
roughly 3 min + 2 min = 5 min. The larger magnitude of the
fourth time scale implies that the spatial evolution of the
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spectra normal to the magnetic field toward the quasi-
equilibrium configuration takes substantially longer than that
parallel to the field, but presumably, the quasi-equilibrium
configuration parallel to the field is insensitive to this delay.
However, it should be noted, as discussed previously, that
the spatial structure normal to the field cannot be interpreted
quantitatively within this model since the r dependence of
the wave intensity has been neglected.

Without calculating the evolution of the wave and ion
spectra toward the quasi-equilibrium it is difficult to assess
whether the spectra for finite connection times bear signifi-
cant resemblance to those of the quasi-equilibrium configu-
ration. For example, observations that the relative ion
abundances are fixed as functions of EJ/Q, during the
approach to the quasi-equilibrium [Ipavich et al., 19815]
indicate that this feature of the quasi-equilibrium holds for
smaller connection times. Clearly an investigation of the
connection time dependent evolution of the wave and ion
spectra is required to address these issues. Skadron and Lee
{1982] are currently investigating the evolution of the ion
spectra with increasing connection time for a linear system
in which the spatial diffusion coefficients are specified

13. The theory assumes that the solar wind is infinitely
massive: V is specified with no consideration of the influence
of the upstream ions and waves on the solar wind fiow. Since
the pressure of the upstream protons dominates that of the
upstream waves and minor ions, the modification of the solar
wind flow in the foreshock, neglecting V, and V,, may be
estimated by

mVdVidz =~ — % dU,/dz (39)

where pg is the solar wind mass density. Since poV is then
approximately constant, (39} yields

Vo — V(@) = § Up(dpp V)™ (40

where pp and V.. are limiting values as z — =. With U/,(0)
=350eVem™, ppo=10m,cm > and Vo =4 x 107 cms™!,
we have V, — V(0) = 6 km s™! at the bow shock, in
qualitative agreement with values inferred observationally
{Bame et al., 1980},

In view of these simplifications, approximations, and
assumptions, the theory should be viewed as a model that
incorporates and elucidates the major features of the wave-
ion interaction within the quasi-equilibrium configuration.
But it is a model that is remarkably successful in reproducing
the extensive observations afforded in particular by the
ISEE missions and that indicates directions for more refined
studies of the quasi-equilibrium and pioneering studies of the
approach to the quasi-equilibrium Studies of the time devel-
opment on a given field line, as it convects along the shock
front, of the hydromagnetic waves and energetic ions pro-
vide a unique opportunity within astrophysics to test time-
dependent guasilinear theory, investigate the development
of hydromagnetic turbulence, and understand the accelera-
tion of energetic particles by astrophysical shocks. It should

be possible to follow and understand the initial generation of

the reflected component, the initial growth of right-hand
circularly polarized {in the solar wind frame) waves, the
disruption of the reflected ion beam by the waves to form the
intermediate particle distribution, the generation of left-hand
circularly polarized waves as ions are scattered back toward
the bow shock, the further growth of the waves to sufficient-
ly large amplitude that nonlinear processes become impor-

077

tant, the disappearance of the reflected ions by further
scattering, and the appearance of the accelerated diffuse
ions. Satellite measurements provide a comprehensive al-
bum of ‘snapshots’ portraying the development at all stages.
Interestingly, it is the finite size of the bow shock that limits
its prowess as a particle accelerator to soft exponential ion
spectra, but which affords an opportunity to study the time-
dependent development of the wave-ion processes and more
severely test our theoretical understanding,

Finally, a noteworthy feature of the theory is the impor-
tance of helium in determining the wave spectrum at fre-
quencies less than ~ 1.1 X 1072 Hz in spite of its differential
intensity being about 7% that of protons at a given EJ/Q,.
The dominance of helium at low frequencies arises from the
cyclotron resonance condition kv = {),, which dictates that
helivm resonant with a given wave number has half the
energy per charge of protons resonant with the same wave
number. The approximately exponential spectra in energy
per charge then result in the dominance of helium at low
frequencies corresponding to high energies. The role of
helium in the excitation of upstream hydromagnetic waves
has been overlooked in previous work: Barnes (19701, Gary
et al. [1981], and Sentman et al. [1981a, b]. There is, of
course, very little total magnetic field power in the frequency
interval dominated by helium (6 x 10™3-1.1 x 1072 Hz). A
nonlinear cascade of power from the proton-dominated peak
(11 x 1072-4 x 1072 Hz) to lower frequency could over-
power the helium-excited waves. A possible diagnostic of
the importance of such a cascade presents itself: The power
spectrum in the frequency range 6 X 107°-1.1 x 107% Hz
should be sensitive to the helium abundance (which typically
varies between 1% and 15%) if the nonlinear transfer of
power into that range is unimportant, but insensitive if the
transfer is important.

APPENDIX

The quasilinear evolution of the cylindrically symmetric,
spatially homogeneous phase-space distribution function
Fdpy, p1, 0 of particle species s in the presence of {possibly
unstable) electromagnetic waves propagating parailel and
antiparalle] to an ambient magnetic field B, is given by Lze

[1971] this equation (49), term (49 .5}) as
oF, _ a’ (w,)? p[mm)(cpfs) }

a 2p,

Re i dk
EJL 2 cZkZG wP — ku, + Q

p==

(A}

where p, and p, are the components of the particle momen-
tum paralle! and perpendicular to the ambient field, v is
particle speed, Q(=q.BTm,c) is the particle gyrofrequency,
g, and m, are, respectively, the charge and mass of species s,
['=( - v% % "2 and the operator G* = &lip, +
(kv 3lap, — v,8/p,). The wave power spectrum [Ak)
[= (|8B, — i8B,(, where 8B(k, ) is the transformed
fluctuating magnetic field and the angle brackets denote
ensemble average, brackets denote the differential intensity
of the least stable wave with Rew Z 0 (p = %, w = &)
normalized such that the ensemble-averaged square of the
fluctuating magnetic fleld, (3B © 8B) equals 2, -~ [ .~ dk
IAk) The symbol T indicates that the integration path of kv./
|v;} runs below the zeroes of the denominator, (w” — kv, +
£1;). In what follows we restrict ourselves to the nonrelativis-




S0

tic limit and hydromagnetic waves. From the definition of
[Ak) in terms of {|8B. — iB,%) and the convention that
fluctuating guantities vary as exp{—iwt), we note that / k) is
right-hand circularly potarized and I" (k) is left-hand circulas-
ly polarized, with respect to the ambient field for B > 0. The
polarizations are reversed for B < 9

The wave frequencies, w®, are given by the least stable
roots of (see Lee [1971], equation (28))

D=of - K+ 470 2 g5

5

- Jaruzdvl 0,2 (GF)w — kvg + 9™ (AD)

where F, is normatized so that [dv F, = n,, the number
density of particle species s. By causality D(w) is defined for
Imw > 0 and must be analytically continued into the lower-
half w-plane. Thus, for real a, (v, — @ik — QI = Plo, —
wlk — QY + imklk T 8, — wlk - (1,/k), where the
symbol P denotes principal value:

D=t -+ dre Yy ¢

5

- Jatuz dv, v, (GFYPw — kv, + 07!

— AWl T Y g

5

Ja’vz dv, v, (GF)&v, ~ wik ~ (k) {A3)

In application to the upstream hydromagnetic waves in the
solar wind the principal value term in expression (A3} is
dominated by the nearly isotropic solar wind plasma for
which G = dlap, and P(w — kv, + Q,)"" is expandable in
powers of kv {w + Q,)"!. The final term in expression (A3) is
dominated by the upstream energetic ions for which v = w'k
and G = (Kw)(v, 8/3p, — v.i5p.). Assuming lo] < [,
expression {A3) then simplifies 1o

D=wt(l+ VP - K

4w KETUE gm

k)

: Ia’vd,u,vz (1 — u™XOF Jop)du — Qikv) (A4)
where V,.\(V_f = BYaxw I, mn) is the Alivén speed, p =
v:v", and Fy(u. vy is the distribution function of energetic
ion species 5. The roots wX =y + iy) of D(w) = 0 are found
by equating real and imaginary parts in expression {A4):

ol = BVE Y (A3)
27k V4t 0 N
YETTT > 9 dvdpil ~ 1)
W w & T oms
aF,
— Hp - Qjkvy  (A6)
op

Assuming that aF /ou does not change sign, its sign deter-
mines the direction of the energetic ion streaming. Assuming
all ions stream in the same direction, waves that propagate in
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the direction of the ion streaming are unstable and waves
which propagate in the opposite direction are stable. Techni
cally, there is a streaming threshold for instability equal ta
the Alfvén speed that arises by including the term 3/3p _ in G¢
when calculating ImD. The threshold is negligible in applica;
tion to upstream ions.

Returning now to (AD), the evolution of the upstrean
energetic ions is dominated by the resonant denominator,
which may be replaced by a delta function if I < |
Again approximating G* = (k/w™(v dlap, — v,d/dp,) an
noting the deformation ® of the k contour, equation (Al
may be rewritten as ;
aF, = Q9

ot 2 B*ap .
pmz

' 2 aF;
—_ di({l — Ik —
e a0

Haw? — kv, + Q) (AT
which describes diffusion in @ space with diffusion coeffi

cient
P Q :
3 p(“’——_-) (A8}
p=x Yz

For application to upsiream waves and ions the natural
distinction in wave intensities is according to the direction of;
the wave phase speed, ay/k, which together with the sign
aF /o determines instability or stability, rather than acco:
ing to polarization. We therefore define the different
intensities 7..(k) for (wy/k) Z 0, in terms of which

Q2 da-pt Q,
7 (1 - ) s Ig(—)
+.- vk

S

where we have neglected »” compared with ;. I.(k) is the
intensity of waves propagating in the &, direction with k 5
0tk < 0) corresponding to right-hand (left hand) circularly
polarized waves for B > 0 and the reverse polarizations for B
< 0. I_(k) is the intensity of waves propagating in the —&
direction with & > 0 (k < 0) corresponding to left-hand (right
hand) circularly polarized waves for B > 0 and the reverse
polarizations for B < 0.

D, = Wﬂsz {1- pu'z)
T2 BT vl
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